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ABSTRACT  

This report describes concept inventories, specialized 
assessment instruments that enable educational researchers to 
investigate student (mis)understandings of concepts in a particular 
domain. While students experience a concept inventory as a set of 
multiple-choice items taken as a test, this belies its purpose, its 
careful development, and its validation. A concept inventory is 
not intended to be a comprehensive instrument, but rather a tool 
that probes student comprehension of a carefully selected subset 
of concepts that give rise to the most common and pervasive 
mismodelings. The report explains how concept inventories have 
been developed and used in other STEM fields, then outlines a 
project to explore the feasibility of concept inventories in the 
computing field.  We use the domain of discrete mathematics to 
illustrate a suggested plan of action.  

Categories and Subject Descriptors  
K.3.2 [Computer and Information Science Education]; G.2 
[Discrete Mathematics]; F.4.1 [Mathematical Logic]  

General Terms 
Measurement, Experimentation, Human Factors  

Keywords  
Concept Inventory, Assessment, Discrete Mathematics, 
Assessment Tools, Distractors, Misconceptions.  

1. INTRODUCTION  
What is assessment?  A simple definition is that  

Assessment is the process of documenting, oftentimes in 
measurable terms, knowledge, skills, attitudes and beliefs. 
Assessment is often used in an educational context, but 
applies to many other areas as well [52].  

Assessment has the potential to help improve the education of 
students, whether in computing or another field. Assessment 
should provide sufficiently comprehensive feedback for 
improvement yet should not be invasive to the point of being 
impractical. Tools such as assignments, quizzes, and exams are 
used primarily to evaluate student performance for assigning 
grades. In general, however, such instruments are not effective at 
measuring student understanding because these tools are typically 
based upon a single person’s perception of the field in question 
and are not validated.  All too often, instructors observe that their 
students lack a basic understanding of concepts from prerequisite 
course(s) despite having earned good grades. Indeed, fundamental 
misconceptions can be deep-rooted and difficult to correct 
without the use of carefully crafted tools. In other words, a 
learner’s fundamental misconceptions, whether grounded in their 
studies or their life experiences, are often difficult to identify, 
address, and correct in a timely manner. In this report, we explore 
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concept inventories, which are assessment tools designed to 
identify such misconceptions precisely.  

The idea for concept inventories arose in the 1980s, when the 
physics education community recognized that students’ common-
sense misconceptions (in this case, about the physical world) were 
not dispelled in introductory undergraduate physics courses [20, 
21]. Educators observed that students seemed to understand the 
relevant concepts, learn basic formulas, and show the ability to 
solve individual problems, yet were unable to utilize the 
fundamental concepts correctly to analyze common real-world 
situations.  

Concept inventories have been found to be effective 
instruments for supporting educational reform in various domains 
of physics (e.g., force [23] and electromagnetic phenomena [45]) 
and other areas of science (e.g., [55]). These successes have 
spurred interest in concept inventories for the computing 
disciplines (including, but not limited to, computer science, 
information systems, information technology, and software 
engineering).  

Generally speaking, a concept inventory (CI) is a validated 
assessment tool with a focus on misconceptions students may 
have about fundamental concepts in a domain [53].  Concept 
inventories are commonly created using a student-driven process 
that elicits students’ perceptions and understandings about a given 
concept.  

A concept inventory has the following characteristics:  

• It is a reliable, validated assessment instrument.  

• It focuses on common student misconceptions.  

• It covers a specific domain, but is not a comprehensive 
instrument (i.e., it is not a final exam).  

• It is composed of multiple-choice items.  

• It is designed to require at most 30 minutes to complete.  

• Its scope may or may not match the scope of the 
corresponding course. Thus, it could be necessary to develop 
more than one CI to cover the topics of a course such as 
CS1.  

• It can be administered as a post-test (for example, at the end 
of the course).  Some concept inventories can also be given 
as pretests, allowing “before and after” comparisons.  

• It can be used by instructors to identify aspects of instruction 
that would benefit from change, to assess the impact of 
modifications, and to compare pedagogical approaches.  

• It should not be used by college administrators to assess 
teaching performance or by individual instructors for 
determining grades for individual students.  

Researchers who wish to develop a CI must consider a range 
of issues, including the methodology to be used in creating the 
instrument and ways in which the data generated by the tool can 
be used for understanding and improving instruction.  A key 
research question is whether there are characteristics unique to 
computing education that will have a bearing on how these issues 
are resolved.  

This Working Group report proposes a multi-year process for 
designing one or more CIs in the well-defined area of discrete 
mathematics. The primary purpose of this effort would be to 
investigate the feasibility of using CIs in computing education 
research, with a concept inventory for discrete mathematics as the 
starting point.  

This report has been written with two goals: (1) to inform the 
computing education community about the history, nature, and 
development of CIs and (2) to suggest a process for developing, 
testing, and using CIs in computing education. Section 2 
motivates the use of CIs, while Section 3 provides context by 
describing how CIs have been developed and used in other fields. 
Section 4 explains the anatomy of a CI, including terminology 
and definitions. Section 5 gives a general outline of the process 
for developing CIs. Section 6 discusses the choice of discrete 
mathematics as the domain of focus in these early explorations. 
Section 7 explores several challenges associated with developing 
CIs. Section 8 suggests a process for developing a CI in the 
domain of discrete mathematics, and Section 9 discusses how 
computing educators might use a completed discrete mathematics 
concept inventory. The report is supported by a pair of 
appendices. The first appendix lists some fundamental concepts in 
the area of discrete mathematics and sample misconceptions. The 
second appendix illustrates criteria for meaningful items for a 
discrete mathematics concept inventory by developing several 
candidate items.  

2. MOTIVATION  
The literature is replete with articles in which educators 

describe their struggle with one of the central issues in teaching: 
the quest for pedagogical techniques that enhance student 
understanding of material in the curriculum. Educators often find 
it difficult to understand student misperceptions of concepts [4, 
29] and could therefore benefit from instruments that provide 
insights into areas with which students are struggling. Results 
from studies of the use of CIs within the physics education and 
engineering education communities suggest that similar 
instruments could be valuable tools for the computing education 
community as well.  

The SIGCSE community has a strong tradition of sharing their 
ideas for meeting such challenges, both informally and in more 
formal conference settings (e.g., [3, 24, 39, 48]). This report 
points the way for a project that will continue this tradition.  

3. HISTORY OF CONCEPT 
INVENTORIES  

The general idea of concept inventories (CI) as assessment 
tools emerged from the physics education community nearly two 
decades ago.  David Hestenes [23] and his graduate students at 
Arizona State University sought to determine the extent to which 
students applied their classroom exposure to physics (in particular 
in the area of mechanics) to understanding the real world. Their 
work resulted in an instrument called the Force Concept Inventory 
(FCI). The FCI gained visibility when a prominent Harvard 
physicist, Eric Mazur [36], used the FCI and demonstrated the 
pervasiveness of his own students’ misconceptions. Richard 
Hake, Emeritus Professor of Physics from Indiana University in 
Bloomington, led the effort to validate this instrument with data 
from over 6000 students [18].  The FCI is now considered to be a 
reliable instrument and has been used for a variety of purposes. 
The FCI has had a significant role in on-going reform in physics 
education, for example, in supporting a move from lecture-
centered instruction to more active, hands-on approaches.  

The CI model has evolved and been applied by educators in 
many STEM (Science, Technology, Engineering, and 
Mathematics) communities to evaluate the effectiveness of 
teaching strategies and assess the quality of student learning. 
Researchers have created and are continuing to develop CIs for 
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several fields, including electromagnetic waves [45], signals and 
systems [51], strength of materials [43], thermodynamics [38], 
materials science [30], statistics [49], heat transfer [26], fluid 
mechanics [35], chemistry [31], biology [7], electromagnetics 
[42], and circuits [22]. A coordinating force behind many of these 
efforts has been the Foundation Coalition [13], a group of 
educators dedicated to reform and innovation in engineering 
education. The area of concept inventories is one of seven that the 
Foundation Coalition is promoting to assist campuses that are 
engaged in efforts to improve their learning environments and 
curricula.  

The efforts of researchers in these fields have helped in 
formalizing the cognitive focus of a CI and in fine-tuning the 
manner in which CIs are developed, validated, and deployed. By 
way of example, researchers at the Colorado School of Mines 
creating a CI for thermal and transport science went outside of the 
expected list of subject matter experts for their team by enlisting 
the services of Michelene Chi, a well-known cognitive 
psychologist [6].  

Of particular interest to computing educators is the following 
work toward developing CIs in computing-related fields.  

• The Computer Engineering Concept Inventory (CPECI) [37] 
project implemented a CI for use in a digital logic course. 
According to Jeff Jackson [25], one of the researchers on this 
project, CI consists of 26 items covering combinatorial and 
sequential circuits.  It has been used for prerequisite 
assessment in subsequent courses, for the ABET assessment 
process, and for curriculum reform efforts.  

• Longino, Loui, and Zilles [34, 56] have explored creating a 
CI for digital logic.  This work identified a number of 
student misconceptions in digital logic and developed a draft 
assessment instrument as the basis for future work.  

• This working group was proposed by the principal 
researchers on a newly funded National Science Foundation 
grant, which has as its main focus to develop a CI in the area 
of discrete mathematics [28]. The research team on this grant 
includes computing educators, an educational psychologist, 
subject matter experts (including four discrete mathematics 
textbook authors), and an advisory board of educators. 
Foundational work on this grant will build a community of 
computing educators interested in CI-based assessment. A 
panel at SIGCSE 2006 [2] and this ITiCSE 2006 working 
group are building blocks for this foundation, with the vision 
of a future coalition to share techniques and results among 
research teams developing concept inventories for 
computing-based disciplines.  

The primary purpose for existing CIs has been to investigate 
the disparity between the concepts a student should be learning 
and what the student actually is learning. As such, instructors 
have used CIs as tools to evaluate student understanding relative 
to the goals of their courses. These assessment instruments have 
provided benchmarks for comparing the effect of innovative 
teaching techniques on student understanding of fundamental 
concepts (as distinct from achievement on examinations that test 
rote learning or the ability to plug values into formulas) within a 
single university environment. Indeed, CIs have provided direct 
feedback on student understanding of specific concepts for 
instructors who are using these tools as one component of their 
overall teaching assessment plan [11, 16].  

4. ANATOMY OF A CONCEPT 
INVENTORY  

This section explains the terms used to describe the structure of 
a concept inventory, and, in particular, of a CI item. A primary 
source for the wording in these definitions was [50]. The Working 
Group discussed alternatives to multiple-choice items, including 
multiple true-false (MTF) items [1], but eliminated them in favor 
of the multiple-choice format. Because the goal of a CI is to 
understand student misconceptions based on their responses, 
multiple-choice items provide a better basis for zeroing in on 
specific misconceptions.  

The term item refers to one of the tasks (often referred to as 
questions or problems) on the instrument. Each item will include 
a stem (often referred to as a statement or question) and an n-tuple 
that includes the key option and (n-1) distractors. Note that this 
definition does not include explicit information about the ordering 
of the options.  

A multiple-choice item is an objective test item with a 
statement (the stem) followed by a number of options as answers. 
The answer options are of two types:  

• the key option, which is the correct choice  

• some number of incorrect choice options, called distractors1  
The stem can be viewed as the part of an objective test item 

that poses a question or sets a task for the student to complete.  
An instrument is an examination paper or other form of 

assessment event constructed from one or more kinds of items 
and administered to a target group.  

A concept inventory is an instrument that includes a small 
number of multiple-choice items designed to cover concepts from 
a particular domain. The goal for the project proposed in this 
report is to create an instrument that has the characteristics of a 
concept inventory and that is validated and reliable.  

The development process for the concept inventory is likely to 
include the use of open-ended questions as a tool for identifying 
and determining the nature of students’ misconceptions and the 
use of carefully designed multiple-choice items in the final 
instrument.  

5. DEVELOPING A CONCEPT 
INVENTORY  

As discussed in Knowing What Students Know [5], any tool 
designed to assess student learning must be built with an eye 
toward the following triad of concerns:  

• Cognitive model of student learning: Any assessment must 
consider research on how, at what pace, and at what level of 
complexity students learn a concept.  

• Observations: Items must be crafted to provide meaningful 
observations of student understanding (the data).  

• Interpretation: Statistical analysis can be used to report 
whether or not the assessment measured what it was intended 
to measure.  

                                                                 
1 We have chosen to spell this term with the suffix “-or” rather 
than “-er”.  Both appear in the literature, but the Working Group 
found the spelling “distractor” better matched individual 
preferences as well as usage in some of our key sources, such as 
[19]. 



   - 135 -

To develop a robust assessment instrument, researchers must 
consider these three concerns, perhaps iteratively, and consider 
how each influences the others.  

The process of developing a concept inventory must be 
grounded in a cognitive model of student learning [5]. During 
development, the research team must observe student responses 
and interpret these responses with respect to the cognitive model. 
To optimize the results, the research team should include 
professionals with expertise in the domain area as well as experts 
in the areas of cognitive modeling and educational assessment. 
Because development is inevitably iterative (as discussed in 
sections 7 and 8) and carrying out the steps properly can be very 
time-consuming, the entire process of developing a validated CI is 
likely to be a multi-year endeavor.  

In his overview of STEM CIs, Richardson [44] identified five 
broad activities that must be carried out in order to construct a 
concept inventory:  
1. Determine the concepts.  
2. Study the student learning process for those concepts.  
3. Construct multiple-choice items.  
4. Administer beta versions of the instrument to determine 

reliability and validity.  
5. Revise the inventory to improve readability, reliability, 

validity, and fairness. 
The remainder of this section explores each of these steps in turn.  

To determine the concepts to be included in a concept 
inventory, researchers can survey domain experts to identify areas 
where students typically struggle while learning material. Because 
most CIs are designed to be completed in about 30 minutes, CI 
instruments are constrained to covering only a small number of 
concepts. For the Colorado School of Mines project [6], the 
cognitive psychologist on the research team suggested that while 
looking for student misperceptions to use in their CI developers 
should focus on emergent, rather than causal, principles.  In other 
words, because students have a more difficult time understanding 
concepts for which the explanations do not follow from 
immediately observable events, a CI should focus on these less 
intuitive concepts.  

Once the relevant set of concepts has been identified, the 
research team must devise situations that allow them to observe 
the processes students use to (mis)understand the concepts. These 
observations are synthesized over time into a cognitive model. 
Methods that researchers can use to probe student thought 
processes include individual interviews and focus group 
interviews.  

In preparing to construct the multiple-choice items for a CI, 
researchers usually use a two-phase process to better understand 
the range of possible incorrect responses and the reasoning that 
leads students to these responses. In one approach, researchers 
first generate open-ended questions that focus on a single concept, 
then have students give written responses to the questions. Of 
primary interest are the incorrect responses, because these help 
reveal common misconceptions. In a complementary technique, 
the research team can interview students to probe why they 
believe these incorrect responses are correct. The misconceptions 
become the basis for designing distractors for the multiple-choice 
items, with the goal of having each incorrect response reveal 
clearly the mismodeling that led the student to give that response.  

In pilot studies, the research team would administer beta 
versions of the CI to large numbers of students.  Carried out 

correctly, this process allows researchers to establish the 
reliability and validity of the CI in identifying specific 
mismodelings. The research team can use results of the pilot 
studies to revise and improve items in the CI in order to improve 
its reliability and validity to the desired level. Reliability is 
concerned with ensuring consistency, that is, that students will 
answer items similarly if they take the CI more than once, while 
validity is concerned with whether the CI addresses the content 
accurately, that is, that the items truly are exposing the 
misconceptions they are designed to reveal [17].  

Reliability can be established through statistical analysis of the 
results, while validity must be addressed throughout the 
development of the instrument. To ensure content validity, subject 
matter experts review both the process by which the CI has been 
created and the instrument itself to verify that the items 
adequately represent the domain [19]. Construct validity, which is 
concerned with ensuring that each item measures what it was 
intended to measure, is perhaps the most critical component and 
typically involves a number of activities [14, 17].  These activities 
can include the following: experts carefully reviewing the focus 
and nature of each item; statistical analyses to establish that the 
answers to items about similar concepts are similar; and analyses 
to correlate item scores with other measures. CI scores may also 
be compared with other established measures of student ability to 
establish criterion-related validity [14].  

6. THE CASE FOR DISCRETE 
MATHEMATICS  

While the long-term vision is to have well designed, validated 
concept inventories for many computing topics, the current 
project is limited to a single CI for the subject domain of discrete 
mathematics. This Working Group chose discrete mathematics, 
rather than topics from a course such as CS1, for several reasons.  

First, topics from discrete mathematics are emerging as a 
stable component of computing curricula.  The ACM/IEEE Task 
Force Report Computing Curricula 2001 [27] includes topics 
from discrete mathematics among the core knowledge areas that 
every computer science student should learn. There is reason to 
believe that there is more consensus for typical discrete 
mathematics topics than for CS1-related or other course-related 
topics, thus offering wider applicability for a CI in the discrete 
mathematics domain.  

Second, it may be possible to match the scope of a typical 
discrete mathematics course with the scope of a single CI.  A key 
question for the research team is the level of granularity at which 
discrete mathematics concepts should be covered on the CI.  

Third, the development of CIs in other domains, such as 
undergraduate physics, has demonstrated that it is very difficult to 
create multiple-choice items that fulfill the criteria of a concept 
inventory. Because the area of discrete mathematics has received 
significant attention from various groups within the computing 
education community, there is a useful body of work pertaining to 
the areas where students struggle. One example is the Math 
Thinking group [54], a loosely organized network of computing 
educators, whose website and discussion list focus on the role of 
mathematics and mathematical reasoning in computing curricula. 
Another example is the authors of discrete mathematics textbooks 
for students in computing-related programs, particularly highly 
experienced authors whose books have gone through several 
significant editions. Such resources promise to be useful in 
developing the initial questions used to probe for student 
misunderstandings and misconceptions.  
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Finally, many fundamental concepts from discrete 
mathematics are recognized as themes that permeate computing, 
sometimes embedded in other computing courses and sometimes 
offered as separate courses ([27], Section 7.4). Example topics 
include logical thinking, inductive thinking, recursive thinking, 
developing valid arguments, and creating abstractions. This gives 
hope that the experience gained in developing a CI for discrete 
mathematics can transfer naturally into the development of CIs 
for other computing topics.  

7. ISSUES AND CHALLENGES  
This section highlights a variety of issues that a research team 

must consider while developing a concept inventory.  The goal of 
creating a CI is to have a validated assessment instrument that 
educators can use to probe how and why students answer items 
correctly and incorrectly.  However, many factors can confuse the 
picture and prevent researchers from identifying the how and 
why, leading to incorrect identification of mismodelings.  

7.1 Breadth of Concepts  
One issue is the level of detail needed for a CI to cover the 

concepts of the domain adequately.  If the goal were to develop a 
comprehensive assessment instrument, then a detailed taxonomy 
of relevant topics would be useful. However, CIs are, by nature, 
not comprehensive. The underlying philosophy is that using a 
limited instrument that has been validated is better than using 
none. A CI should be concise, yet accurate, and should probe into 
potential student mismodelings of fundamental concepts.  At the 
same time, student performance on the CI should be consistent 
with performance on a more comprehensive instrument for the 
same domain.  If the number of relevant fundamental 
misconceptions is large, researchers must consider the trade-offs 
between coverage and the length of time a student requires to 
complete the CI. In some circumstances, the best recourse may be 
to have multiple CIs, each focusing on a small subset of concepts.  

7.2 Role of Vocabulary and Notation  
Sometimes student difficulties arise from the definitions used 

for a concept.  For example, in the area of mathematical logic 
students may think of the standard English definitions for the 
words ‘or’ and ‘implies’ rather than the formal logical meanings. 
Problems can also arise when mathematical notation is complex 
or relatively unfamiliar to the student. Other difficulties come 
from more fundamental misconceptions, even when students have 
been presented with good definitions. For example, students often 
have difficulties understanding the concepts of vacuousness and 
(uncountable) infinity.  

The computing field is notorious for its dependence on 
notations and conventions (e.g., little-endian vs. big-endian). CI 
items can be written with different styles, for example notation-
heavy, notation-light, or with concrete objects.  In fields such as 
mathematics, the notation used to express a concept may be as 
important as understanding the concept itself (as with set 
operators). The critical point is that the manner in which an item 
is stated may influence how students interpret that item.  A 
notation-heavy item may end up testing students both on their 
knowledge of the notation and their understanding of the concept. 
Appendix B, Part B.3, provides an example of this in the area of 
set theory.  

Definitions and notation are generally important components 
of expected student learning in a course, so it is desirable to detect 
whether students have misconceptions about definitions, notation, 

or both. However, using a specialized vocabulary or notation in 
writing CI items may mask misconceptions of a more 
fundamental nature, particularly if the CI is used as a pretest 
(when students have not yet taken the course and may not yet 
know the vocabulary).  This situation could be ameliorated if 
multiple items probe the same concept, yet use different styles.  

7.3 Isolating Concepts of Concern  
It can be difficult to write CI items that clearly focus on a 

single concept or topic.  It might be that a candidate CI item is too 
broad and thus spans too many concepts.  This would make it 
difficult to isolate specific misunderstanding(s). Some concepts 
can be approached from multiple directions, for example, in 
discrete mathematics some problems can be modeled either from 
the point of view of set theory or propositional logic.  These 
characteristics make it more difficult to design CI items that 
clearly diagnose a student’s mismodeling because it is more 
difficult to isolate the particular misconceptions.  

7.4 Size Constraint of the CI  
Because a CI must be brief enough to complete in about 30 

minutes without time pressure, it can contain only a limited 
number of items. It is a challenge when designing a CI to ensure 
that it includes the smallest number of items necessary to reveal 
the most information about student misconceptions. Current 
practice in developing CIs appears to favor including from three 
to five items addressing each potential misconception.  

7.5 Elusiveness of Good Distractors  
Two separate issues determine whether a distractor is “good” 

or effective. First, each distractor should represent a single 
misconception. When chosen, there should be little or no 
ambiguity as to why a student chose that response, thus 
pinpointing the corresponding misconception. Second, each 
distractor should have drawing power, that is, students should feel 
enticed to select it if they have the associated misconception [17, 
19].  Devising distractors for an item so that each distractor is 
comparably effective may prove very difficult.  

7.6 Target Audience Differences 
A significant challenge in creating any instrument for a diverse 

audience is the diversity itself. Relevant issues can be related to a 
range of student characteristics, such as whether they are native 
speakers of English or have English as a second language; 
whether they have a scientific or non-scientific background; and a 
variety of differences due to cultural, ethnic, or regional 
background.  

While a key target audience for a topic such as discrete 
mathematics is students studying computing, a CI for discrete 
mathematics has a much broader potential audience. 
Subpopulations can be selected based on factors such as who 
teaches the material (e.g., mathematics instructors or computing 
instructors) and how the material is incorporated into the 
curriculum (e.g., as an independent course or integrated into 
computing-based courses).  In addition, many other disciplines, 
such as mathematics, biology when focused on genetics, and 
economics for discrete modeling, embrace the material of discrete 
mathematics. While core discrete mathematics concepts are 
fundamental for numerous disciplines, developing and validating 
multiple instruments for various student audiences would require 
an excessive amount of effort.  The Working Group suggests 
developing a single discrete math concept inventory as a means 
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for exploring the usefulness of such instruments throughout 
computing education.  

7.7 Capturing Student Mental Models 
Donald Norman [41] distinguishes between mental models and 

conceptual models: “Conceptual models are devised as tools for 
the understanding or teaching of physical systems. Mental models 
are what people really have in their heads and what guides their 
use of things.” It is vital for the research team to incorporate 
direct student input as they build the student mental model.  This 
model then supports the creation of a well-grounded CI.  While 
years of teaching experience in a topic such as discrete 
mathematics may tempt researchers to make expert guesses about 
the thought processes behind students’ incorrect responses, the 
issues that lead students to answer an item correctly or incorrectly 
can differ from those an instructor might hypothesize as part of 
the conceptual model. Building the understanding of 
misconceptions upon genuine student input can help researchers 
avoid mis-identifying the reasons behind incorrect responses.  

7.8 Need for an Iterative Process  
The development of a CI will almost certainly be an iterative 

process with embedded feedback loops. There are likely to be 
iterations at every step, including developing a list of concepts, a 
set of viable open-ended questions, and a collection of high 
quality multiple-choice items, as well as in the process of beta 
testing, pilot testing, and field testing. At any point, the results 
may show the need for revision. This iterative process of 
designing, deploying, analyzing, and revising the CI serves not 
only to improve the instrument, but also to contribute to the 
knowledge base about common misconceptions and how best to 
probe student understanding of concepts.  

8. PROPOSED PROCESS FOR CREATING 
A DMCI  

In this section, the Working Group presents the development 
process for a Discrete Math Concept Inventory (DMCI) as it was 
conceived during the ITiCSE  2006 conference in Bologna, Italy. 
This description is meant to give a general sense of possible 
development scenarios.  This report does not address issues 
relating to acquiring the monetary or human resources required to 
carry out such an effort. Considering the challenges discussed in 
the previous section, we anticipate that creating a validated CI 
instrument will take two to three years of effort, assuming at least 
five or six iterations through various versions of the instrument.  

The group of people who will carry out the project is referred 
to as the research team. In parallel with the steps described 
below, the research team has several additional tasks:  

• Develop the instructions that will be distributed to volunteers 
who assist during the early stages development.  

• Establish a web presence to ensure that information about the 
instrument is readily available to interested individuals.  

• Assist all participating faculty members in obtaining 
approval from their Institutional Review Boards.  

• Create guidelines, which should include a discussion of uses 
and potential misuses; this document will accompany the 
DMCI after it is finalized.  

Figure 1 illustrates the suggested DMCI development process. 
The following sections discuss the various steps in more detail, 
including major issues that arise and our initial response to each.  

8.1 Identifying Fundamental Discrete Math 
Concepts  

Because a focus of the DMCI is to investigate common student 
mismodelings when working with discrete mathematics concepts, 
the research team must identify a set of relevant concepts and the 
associated misconceptions. Appendix A lists fundamental discrete 
mathematics concepts with associated difficulties as a sample 
starting point.  

The research team can choose any of a number of approaches 
to identifying student misconceptions [40]. Existing taxonomies, 
curricula, and syllabi can contribute to this understanding. 
Another approach is to get input from subject matter experts, that 
is, educators who have taught discrete mathematics for a long 
time.  Authors who have written discrete mathematics textbooks 
released in several significant editions are yet another good source 
[9, 15, 47]. These authors have put serious thought into the 
fundamental concepts of discrete mathematics and the 
misconceptions students have about those concepts. For instance, 
Susanna Epp has published an article entitled “The role of logic in 
teaching proof” [8] and Kenneth Rosen has developed a list of 
common mistakes students make as a complement to his textbook 
[46]. Volunteer subject matter experts can create lists of concepts 
with associated misconceptions. Subject matter experts can also 
share test items, either multiple-choice or open-ended, that may 
yield useful insights into concepts and misconceptions.  

As the master list of concepts develops, the concepts can be 
prioritized according to perceived importance, and 
misconceptions can be categorized based upon perceived 
difficulty (for example, on a 5-point scale or with respect to 
cognitive level). The resulting information can be used to 
generate an initial list of fundamental concepts and perceived 
relevant misconceptions.  

8.2 Developing the Pilot Items  
Using the list of concepts and misconceptions as a resource, 

the research team can create items designed to elicit student 
responses and thinking. These items will comprise a pilot 
instrument to be given to students in the process of identifying 
their actual misconceptions. At one end of the spectrum 
researchers could develop open-ended pilot items, while at the 
other end they could develop multiple-choice pilot items.  An 
advantage of using open-ended items is that students can write 
responses in their own words, allowing researchers to discover 
misconceptions not considered earlier. A disadvantage of using 
open-ended items is that the analysis process can be fairly 
involved: researchers must begin with a content analysis on the 
responses in order to determine the set of relevant misconceptions 
for each item. Using multiple-choice items has the advantage of a 
much more straightforward analysis process:  researchers need 
only conduct a frequency analysis on the number of times 
students chose each option. However, a key disadvantage of using 
multiple-choice items is that researchers must find a means to 
create a set of distractor options that includes the most likely 
misconceptions associated with each stem.  

One approach to developing multiple-choice pilot items could 
be to enlist the assistance of subject matter experts, individuals 
who regularly teach the discrete math course. These experts could 
propose candidate CI items, perhaps providing the stem, the 
correct response, and one or more potential distractors along with 
the rationale behind the options. Another approach would be to 
ask the subject matter experts to propose open-ended items.  If 
each expert focuses on a limited number of concepts, this could 
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result in a good spread of candidate items. Candidate items can 
then be reviewed by the researchers and perhaps by a panel of the 
subject matter experts. Appendix B includes example open-ended 
questions of the sort that might be generated during this phase.  

The ultimate responsibility for creating the pilot items rests 
with the research team.  

8.3 Preliminary Student-Based Investigation  
In order to collect hard evidence about students’ 

misconceptions, the research team can recruit instructors willing 
to administer the pilot instrument to a sampling of students. These 
instructors can be members of the research team, the subject 
matter experts mentioned in the previous section, and other 
volunteers willing to participate in the piloting process. Because 
students will be involved, the research team must ensure that all 
participating faculty members have obtained any necessary 
Institutional Review Board approvals.  

An important part of this piloting process is to observe 
students’ reasoning processes. One approach can be to ask 
students to justify their answers in writing as they complete the 
pilot instrument, although students might have difficulties 
expressing these explanations in a manner that is usable. A more 
effective approach can be to have direct interaction between 
members of the research team and individual students, although 
this can be time-consuming and may require specialized training 
to do well. The research team can apply techniques such as think-

aloud [10], individual interviews [32], and focus group interviews 
[33].  A practical approach can be to use graduate students to 
conduct these interviews as part of their thesis or dissertation 
projects.  

This stage may have to be repeated several times with different 
students at different sites before the research team converges on a 
set of items that can be used to generate a useful instrument.  

8.4 Analysis of Investigation  
For each concept, the research team must review the responses 

and thought traces coming from the student-based investigations. 
The goal should be to delineate the logic behind students’ 
incorrect responses through a process called deconstruction. Each 
sample CI item in Appendix B includes a brief deconstruction 
discussion.  

If the pilot items were open-ended, the analysis must include a 
content analysis of the prose students used to respond to each 
item. This content analysis will categorize the responses and build 
a set of misconceptions.  Whether the pilot items were open-
ended or multiple choice, the analysis must include a frequency 
analysis to reveal the set of misconceptions most likely to occur 
for each pilot item.  

8.5 Synthesis  
As the research team studies the results from the pilot items, 

one task will be to create stems for the candidate CI items. The 
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data from the analysis of student-based investigations, along with 
suggestions from subject matter experts, will provide the basis for 
defining the pool of candidate distractors for each stem. The 
research team must narrow the set of distractors for each stem to a 
manageable level, retaining an optimal combination of options in 
terms of variety, clarity, lack of ambiguity, and conciseness 
(which should help prevent an item from being too time-
consuming to complete). Each option must be expressed clearly 
and unambiguously, so that students can easily and quickly read 
and understand the item. At the end of this stage, the research 
team must consider whether the steps to this point have led to a 
pool of viable candidate CI items. A realistic goal is to have a 
minimum of three or four good distractor items per stem. The 
team must also consider the ordering of the options within each 
item.  

Besides composing individual CI items, the research team 
must consider the overall composition of the full instrument. One 
consideration is how to order the items  (e.g., randomly, topic-by-
topic, easy-to-difficult, or according to a specific distribution 
algorithm) to provide a good flow as students complete the 
instrument.  The ordering is significant, since the validation 
established in the next stage holds only for the version of the 
instrument subjected to pilot testing. Any variations must be 
validated separately.  

8.6 Trial Period  
By this stage, the research team will have created a candidate 

DMCI. Now the research team must methodically investigate the 
validity and reliability of the instrument. In order to make it 
feasible to engage a sufficient number of volunteer instructors for 
the investigation, the DMCI must be easy to administer and 
require little if any training to administer properly. The research 
team must establish a protocol for collecting the results in a 
timely, efficient fashion.  

During the trial period, the research team will distribute the 
instrument to participating faculty, who in turn will administer the 
instrument to a diverse set of students.  Because students will be 
involved, the research team must once again ensure that the 
participating faculty members have obtained the necessary 
Institutional Review Board approval.  

8.7 Statistical Analysis  
Once there is sufficient data collected from administering the 

candidate DMCI, the research team must conduct statistical 
analysis to determine reliability.  It is beyond the scope of this 
Working Group report to specify the details of this analysis. The 
research team must consider validity throughout the process (see 
discussion in Section 5).  Once the results meet pre-established 
criteria regarding validity and reliability, as well as issues such as 
readability and fairness, the instrument will be ready for final 
deployment (Section 8.9). Otherwise, the next step will be 
revision (Section 8.8), perhaps in several rounds.  

8.8 Revision  
Depending upon the results of the statistical analysis, some of 

the preceding steps may require repetition. The research team may 
decide to rephrase, replace, or eliminate some of the distractors if 
reliability cannot be assured or if the distribution of responses 
differs from desired patterns. If there is excessive redundancy or 
if the outcomes do not profile the concepts appropriately, 
ineffective CI items can be adjusted or replaced. This would lead 

to a new round of pilot testing in order to determine the reliability 
of the modified instrument.  

8.9 Final Deployment 
Once the DMCI has been deemed ready for broad use, the 

research team can publicize it and make it available to interested 
faculty and administrators. The instrument should be packaged 
with guidelines related to its uses and potential misuses. The 
delivery mode for the DMCI can be on paper or online as long as 
adequate controls are in place to ensure the security of the 
instrument.  

The final version of the DMCI represents a fixed instrument 
that must be kept secure in order to ensure it is used only in 
authorized settings.  Validation concerns the instrument as a 
whole, with exactly the provided set of items in the given order, 
with the exact wording and the exact ordering of options. Any 
variations, whether to rearrange the items or even reword slightly, 
require a new round of careful testing to establish validity and 
reliability.  This is one of the reasons developing a CI is a 
demanding and time-consuming process. Thus, even though 
evolution of the DMCI is inevitable, the fact that a new validation 
round is required for every set of changes emphasizes the 
importance of thorough and careful initial development.  

9. FUTURE WORK WITH THE DMCI  
At this point, one project to create a DMCI has been funded by 

the National Science Foundation [28] and the Working Group 
knows of two other relevant proposals that are still under review 
as of this writing. This report, rather than being prescriptive for 
such research groups, is intended to be descriptive in order to 
allow the Computing Education community to better understand 
the issues and possibilities inherent in concept inventories.  

When completed, the Discrete Math Concept Inventory 
(DMCI) will provide the computing education community with a 
new standardized tool for broad use in computing education 
research. Building on the model established by the physics 
education community with the Force Concept Inventory (FCI), a 
long-term vision is to establish a normed national standard for 
performance on the DMCI based on thousands of scores. Then, 
regardless of the specific use, the DMCI performance of a select 
group of students could be measured against this norm, allowing 
objective conclusions regarding relative performance.  

We list here three general examples:  

• A key purpose of the DMCI is to give instructors insight into 
their students’ understanding of fundamental discrete 
mathematics concepts. The experiences of physics educators 
who have employed the FCI indicate that instructors are 
likely to be surprised by their students’ performance on the 
assessment. The DMCI is intended to stimulate thoughtful 
reconsideration of instruction for topics for which students 
have persistent misconceptions. Instructors can use this 
assessment tool to evaluate the impact of innovative 
instructional techniques by measuring student performance 
relative to a national norm, both with and without the 
teaching innovation. As an example, Fagen, et al [12] used 
the FCI to evaluate the use of Peer Instruction in 
introductory physics courses.  

• The computing education community is concerned about the 
classroom learning experiences of students of varied 
histories and demographics.  The DMCI can help assess, for 
example, whether different approaches to teaching and 
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learning discrete mathematics are more or less effective for 
students with various characteristics. The lessons gleaned 
from such research can be used to establish appropriate 
course prerequisites or to plan appropriate interventions for 
particular groups of students. In an interesting example of 
this application, researchers have concluded that a student’s 
prior math experience is more strongly correlated to success 
on the Statistics CI than is their statistics experience [49].  

• The DMCI can be used for studies of long-term student 
outcomes. Given sufficient longitudinal data, researchers 
would be able to determine whether the DMCI as a whole is 
predictive of student success in a computing major, or even 
if particular topics from discrete mathematics are predictive. 
Such results can be used to make programmatic changes and 
to increase opportunities for students to master specific 
topics throughout their undergraduate course of study.  

As described in this report, the development process of the 
DMCI, including rigorous testing for validity and reliability, 
builds upon best practice in educational research. This would 
make the DMCI a new and welcome addition to the set of 
assessment tools researchers in computing education have 
available for evaluating pedagogy and student outcomes.  
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APPENDIX A 
Potential Fundamental Discrete Mathematics Concepts 

The Working Group developed this list of fundamental discrete mathematics concepts to provide sample areas where students commonly 
experience difficulties.  This list is by no means complete, as it lacks many notions that should probably appear on the completed Discrete 
Math Concept Inventory. The concepts are ordered alphabetically.  
 

Discrete Mathematics Concept  Discussion of Typical Student Difficulties 

Argument by contradiction  Difficulty understanding what it means to argue that the implication  p ◊ q is false.  

Counting and combinatorial 
arguments  

Difficulty finding an equivalent simplifying model to which a counting argument can be applied.  

Empty set and empty string  Empty, or nothing, is often confusing for students because it tends to be a special case.  

Functions  Several areas can lead to misunderstandings in the area of functions:  
• A valid function must satisfy uniqueness and completeness properties.  
• Co-domain vs. range (students often confuse these two concepts)  
• Generality of f: A ◊ B (most students think of functions as real ◊ real )  
• Properties (these concepts are often confused or not understood)  

o One-to-one  
o Onto  

• Inverse (when can a function have an inverse?  Use of an inverse.)  
• Difficulty understanding and applying the fundamental concept composition  

Implication and conditionals  Difficulty understanding the rows in the truth table when the hypothesis/antecedent is false can lead 
to logical reasoning misconceptions.  

Inductive reasoning  Difficulty understanding that this method involves building up cases one step at a time until a 
pattern emerges.  

Negation  Applicable in both propositional logic and predicate logic.  For example in propositional logic, the 
negation of a logical “or” is a logical “and,” and in predicate logic the negation of a universally 
quantified predicate is an existential quantified predicate.  

Pigeonhole principle  Difficulty recognizing that the pigeonhole principle is an application of a function whose domain 
and co-domain are finite and the size of the domain is greater than the size of the co-domain.  

Recursive thinking  Difficulty recognizing that the smaller case to which a problem is reduced must have the same 
properties (“structure”) as the original problem.  

Vacuous truth  Difficulty recognizing that universally quantified predicates are true when the set over which they 
are defined is empty.  
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APPENDIX B 
Development of Potential CI Items 

In this Appendix, the Working Group presents four items as examples that could appear on a Discrete Math Concept Inventory (DMCI). 
Included with each candidate item is the following:  an open-ended question that could be used during the pilot phase to investigate 
students’ misconception, the stem for a multiple-choice item, the key option (correct answer) and possible distractors, a discussion of each 
option, and a brief paragraph that deconstructs the item.  
Examples B.2 (on inductive reasoning) and B.4 (on probability) were somewhat contentious during discussions when the Working Group 
met at the ITiCSE’2006 conference in Bologna, Italy. These two items may be poor candidates for inclusion on a concept inventory. We 
invite the reader to look through these examples and contact us (via one of the two Working Group leaders) with reactions or advice.  
Example B.3, the sets example, is given in two versions, one “notation-heavy” and the other “notation-light”.  
Example B.4, the probability example, includes two different open-ended questions and two corresponding multiple-choice items. 
 

 
B.1 Concept: Propositional Logic 
Potential misconception: The student does not understand 
logical implication.  
Potential open-ended question:  

A teacher said to a student, “If you receive an A on the 
final exam, then you will pass the course.”   The student 
did not pass the course. Give one valid conclusion and 
one invalid conclusion.  

Candidate CI item:  

A teacher said to a student, “If you receive an A on the 
final exam, then you will pass the course.”   The student 
did not pass the course. Which of the following 
conclusions are valid?  
a. The student received an A on the final exam.  [Invalid 

– For this option to be valid, either the outcome or the 
teacher’s statement would have to be invalid.]  

b. The student did not receive an A on the final exam. 
[Valid – Matches the condition given in the teacher’s 
statement.]  

c. The student flunked the final exam.  [Invalid: The 
teacher’s statement only establishes a relationship between 
an A on the final exam and passing the course; no 
conclusions can be drawn regarding final exam grade except 
that it is not an A.]  

d. If the student passed the course, then he or she 
received an A on the final exam.  [Invalid – It is possible 
that a student could pass the course by earning a B or C on 
the final exam or even under other circumstances.]  

e. None of these conclusions is valid.  [Invalid – B is 
valid.]  

Brief deconstruction: This item addresses fundamental 
misconceptions regarding logical implication in the context of the 
English language.  Students frequently make invalid inferences.  

B.2 Concept: Inductive Reasoning  
Potential misconception: Students often struggle with inductive 
reasoning, that is, with identifying patterns in repetitive 
information or processes.  
Potential open-ended question:  

A man and a woman are walking side-by-side and their 
right feet touch the ground at the same time. The woman 
takes three steps for each two steps of the man, and they 
continue walking side-by-side. Use either mathematical 
notation or an English statement to explain how many 
steps the man takes before their left feet touch the 
ground at the same time.  

Candidate CI item (written to imply a definitive answer)  

A man and a woman are walking side-by-side and their 
right feet touch the ground at the same time. The woman 
takes three steps for each two steps of the man, and they 
continue walking side-by-side. Which of the following 
statements most accurately represents the number of 
steps the man takes until their left feet touch the ground 
at the same time?  
a. 6  [Invalid – Plausible since 6 = 2 * 3 ]  
b. 6 • n,  for all n = 1, 2, 3, …   [Invalid – Plausible since 6 is 

a factor of  6 •n  ]  
c. Some k = 1, 2, 3, …, 10,000  [Invalid – Plausible if the 

student is guessing rather than reasoning.]  
d. 12 • n, for all n = 1, 2, 3, …  [Invalid – Similar to b, but 

unclear why 12 is used – maybe the student finds the sum of 
the steps incorrectly.]  

e. None of the above  [Valid – their left feet never touch the 
ground at the same time only their right feet hit the ground 
together.  We explicitly did not include “never” among the 
options.]  

Brief deconstruction: This question can reveal student 
understanding about inductive reasoning.  The item includes 
extraneous information, which is potentially confusing. For 
example, students might confuse right and left steps.  
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B.3 Concept: Sets  
Potential misconception: Student does not understand the empty 
set, basic set operations, and notation.  

“Notation-heavy” Version  
Potential open-ended question:  

Let S be any well-defined set and { } be the set 
containing no elements.  Using S and { } for each of 
the set operations ⊆ and ∈ , write one true statement.  

Candidate CI  item:  

Let S be any well-defined set and { } be the set containing 
no elements. Which of the following statements is always 
true?  

a. { } ∈ S  [Invalid – Would be true if  { } is a member of S, 
but the empty set is not automatically an element of any 
given set.]  

b. { } ⊆ S  [Valid – The empty set is a subset of every set.]  

c. { } ⊂ S  [Invalid – False when S contains no elements.]  
d. { } = { { } }  [Invalid – The empty set can never be equivalent 

to the set that has the empty set as an element.]  
Brief deconstruction: If the student understands the basics of sets 
and set notation, this item is relatively easy to understand, 
although the phrase “always true” may cause confusion. Students 
confused by the notation and by the meaning of the empty set will 
likely select one of the distractors.  

“Notation-light” Version  
Potential open-ended question:  

Let S be any well-defined set.  Write one true 
statement about the relationship between the set 
Sand the empty set using each of the following set 
operators. 

1) is a member of 

2) is a subset of 

3) is a proper subset of 

4) is the same set as 

Candidate item:  

Let S be any well-defined set. Which of the following 
statements is always true?  
a. The empty set is a member of S  
b. The empty set is a subset of S  
c. The empty set is a proper subset of S  
d. The empty set is the same as a set containing the 

empty set  
Brief deconstruction: This item is conceptually identical to the 
“notation-heavy” one given above.  This “notation-light” version 

removes the additional hurdle of notation, perhaps making it 
easier for some students to answer correctly.  

B.4 Concept: Probability 
Potential misconception: The student is confused about the 
probability of independent events.  
Two potential open-ended questions:  

1. Consider a sequence of independent flips of a fair 
coin. Suppose the first four flips are all heads. What is 
the probability that the fifth flip will be tails?  

2. A coin is biased so that the chance of getting heads is 
75% and of getting tails is 25%. Explain what 
combinations of flips of this coin could be used to yield 
a probability of 1/2.  

Two candidate CI items:  

1. Consider a sequence of independent flips of a fair 
coin. Suppose the first four flips are all heads. The 
probability that the fifth flip will be tails is  

a. 0  [Invalid – Not a fair coin, similar to (e)]  
b. 1/5  [Invalid – Not an independent event ]  
c. 1/2  [Valid – events are independent ]  
d. 4/5  [Invalid – Not an independent event ]  
e. 1  [Invalid – Not a fair coin, similar to (a)]  

2. A coin is biased so that the chance of getting heads is 
75% and of getting tails is 25%. Which of the following 
combinations of flips of this coin makes a 50/50 bet?  

a. Flip it once  [Invalid – Clearly fails, since this 
results directly in a 25/75 chance.]  

b. Flip it twice  [Invalid – Of the 4 possible outcomes, 
only T-H and H-T yield the required 50/50 chance.]  

c. Flip it three times  [Invalid – Of the eight possible 
outcomes, none yield the required 50/50 chance.]  

d. Flip it an even number of times  [Valid – By 
flipping twice and continuing until getting either T-H 
or H-T, this results in the required 50/50 chance]  

e. Flip it an odd number of times  [Invalid – While 
plausible, this does not guarantee 50/50 ]  

 
Brief deconstruction: The stems of both items are relatively 
clear, although the first has less information than the second and 
may therefore be easier for a student to understand. While the five 
responses for the first item are very easy to understand, several of 
the responses reveal similar, but not identical, misconceptions 
(e.g., a & e, and b & d). For the second item, a student might 
require a long time to analyze each option to determine the correct 
response. This could be construed as a tricky item because 
determining the correct answer requires fairly deep, indirect 
reasoning.




