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Abstract

In this study we examine the specialized sublanguage for dis-
cussing, teaching, and solving algebra problems as found in
transcripts of tutorial dialogues. In this sublanguage some
verbs are constrained to apply to certain objects in the domain
of discourse. The syntagmatic roles of the verb complements
are typically algebraic, e.g. the complements to the verb mul-
tiply refer to operands and methods, while simplify refers to
expressions. We use case frames to describe the verbs and
their special sublanguage complements. From case frames
we create grammar and lexicon for the Link Grammar Parser,
enabling the parsing of dialogues containing mixed ordinary
English and algebra tutorial English.

Introduction
When teachers and students converse about algebra they em-
ploy a specialized mathematical sublanguage that is not or-
dinary English. We are studying this algebra tutorial sublan-
guage with the goal of constructing language understanding
facilities for the Wooz-2 intelligent tutoring assistant [Glass
et al. 2007]. From a corpus of 48 algebra transcripts col-
lected by previous work [Chae et al. 2005], we identified us-
ages that were specific for this sublanguage. We created case
frames to describe the sublanguage verbs and their comple-
ments in a formal manner. Finally we have been converting
the case frames to Link Grammar rules for the Link Parser
[Sleator and Temperley 1995].

Table 1 contains sentences from typical algebra tutoring
transcripts that illustrate different ways that the concept of
multiplying two numbers can be expressed in dialogue, us-
ing the words multiply and times and the operator “*”. In
sentence 1) the complements to the verb multiply each refer
to an operand to be multiplied. But sentence 2) contains a

1) Then multiply the 6 times 4.
2) Multiply exponents.
3) You can just multiply each term including 3/2 by the

LCD.
4) 12 times 5 is 60.
5) 12n=12*10 and I am not sure but I think you should

add 5 to 12*10.

Table 1: Examples of Language for Multiplication

single plural complement exponents that refers to an unde-
termined number of operands which will be multiplied to-
gether. The plural complements to the verb multiply in sen-
tences 2) and 3) do not play the same algebraic role, since
the exponents of 2) are to be all multiplied together while
each term including 3/2 from 3) will not be all multiplied to-
gether. Words such as multiply, times, add and is can be used
in place of (and sometimes mixed with) “*”, ”+”, and “=”
symbols, as sentences 4 and 5 hint. But the word versions
of mathematical operations are not completely interchange-
able with the symbols, as we have no attested examples of
sentences like * the 6 by 4.

In this work we describe this sublanguage using the for-
malism of case frames, where each frame identifies one
word that has specialized usage (usually a verb) along with
its complements. Formally describing this aspect of the sub-
language is needed in order to exploit computer language
understanding capabilities.

Background
The Differential Equations tutorial dialogue project [Glass
et al. 2007] is developing an extension of the Wooz soft-
ware for computer-mediated mathematics tutoring [Kim and
Glass 2004]. Wooz provides web-delivered communica-
tion tools—a chat window, an equation editing window with
mathematics typing widgets, equation visualization applets,
a library of problems—so that a student and a tutor can en-
gage in problem-solving tutorial dialogues from separate lo-
cations. For some algebra problems, Wooz also provides to
the tutor a browsable structured set of tutorial goals. For ex-
ample a goal might be “have the student check the sign of
the coefficients.” Along with each goal there are examples
of suitable tutorial language for achieving those goals.

These goals and associated language, which include a
number of hints and tutoring tactics, were obtained by ob-
serving expert tutors at work. There are forty eight tran-
scripts of algebra tutoring, with around one hour of typed
(keyboard-to-keyboard) tutoring each. We are also develop-
ing a corpus of differential equation transcripts.

While the Wooz set of tutorial goals is passively dis-
played, they are merely available so the tutor can browse
them and insert sentences into the dialogue. Wooz-2 will
endeavor to actively follow the tutorial conversation in
progress. The Wooz-2 tutor will not be a fully automated



Proc. 20th Midwest AI and Cognitive Sci. Conf. (MAICS) 2009, Indiana Purdue Fort Wayne 2

Case Roles in Syntactic Order Example Sentence
Objective The door opened.
Agent, Objective John opened the door.
Instrument, Objective This key opens the

door.
Objective, Instrument The door opened with a

key.
Agent, Objective, Instrument John opened the door

with a key.

Table 2: Case Frames for Verb open [Gibbon 1997].

intelligent tutoring system. It is in the service of having
the computer follow and understand the tutorial conversa-
tion that we analyze the algebra sublanguage.

A sublanguage is specialized form of a natural language
that is used within a particular domain or subject matter, in
particular “sets of sentences whose lexical and grammati-
cal restrictions reflect the restricted sets of objects and rela-
tions found in a given domain of discourse” [Kittredge and
Lehrberger 1982, p. 2]. Sublanguages may or may not be
strict subsets of English, both the semantics of the domain
and linguistic conventions of the sublanguage control what
is acceptable. For example, in biochemistry it is not accept-
able to say hydrochloric acid was washed in polypeptides
but it is permissible for polypeptides to be washed in hy-
drochloric acid [Harris and Mattick 1988]. In our algebra
sublanguage not every noun phrase can be a complement of
multiply. It is OK to multiply binomials and multiply ex-
ponents. But although it is admissible in normal English to
multiply problems and for problems to multiply, these are not
admissible in the algebra sublanguage.

Since domain-dependent knowledge is embedded within
the grammar and selectional restrictions of a sublanguage,
writing systems to precisely extract relevant domain infor-
mation and skip over less relevant text can be enhanced by
first analyzing the sublanguage. This was the approach used
for processing queries for government statistical information
[Liddy and Liddy 2001] and extracting information from
trouble tickets [Liddy et al. 2006].

Today, some successful sublanguages are pharmacology
reports, weather reports, technical manuals, cooking recipes,
patents, stock market reports, patient medical histories, legal
documents, university catalogs, journal abstracts, life insur-
ance applications, and web pages [Liddy et al. 2006].

Case grammar [Fillmore 1968] combines semantic roles
of verbs with syntactic position. The case frame for a verb
describes the collection of roles that must be present as
complements. For example, case frames for a verb open
are illustrated in Table 2. Without committing to particu-
lar theories of lexical semantics, we can use the formalism
of case frames for describing the semantically-derived re-
stricted verb complements of sublanguages.

The Link Grammar Parser (LGP) [Sleator and Temper-
ley 1995; Lafferty et al. 2009] is convenient in that it uses a
grammar formalism that is similar to case frames. Thus it is
suitable for parsing our sublanguage text that has been ana-
lyzed according to case frames. Its lexicon contains “links”

Figure 1: Simplified Link Grammar Parse

for most words that identify the role relationships and the
relative syntactic positions of words that are joined in the
same surface constituent, as illustrated in Figure 1. In this
very simplified example the verb chased specifies an S (sub-
ject) link to the left and an O (object) link to the right. The
head nouns from both these complements join up with the
verb through the S and O links. Each head noun and deter-
miner are further joined by D (determiner) links. In the Link
formalism, crossed links—representing, roughly speaking,
fragmented non-contiguous constituents—are signs of un-
grammaticality.

Notice that the Link grammar has no representation for
deep structure constituents. It represents surface structure
in its formalism. Case frame theory explicitly evolved from
transformational grammar, where the several roles of a case
frame were posited to be deep syntactic constituents. Be-
cause deep structure is transformed into surface structure,
the roles in a case frame can be expressed as number of sur-
face orderings of constituents. In our work we write case
frames that represent surface orderings only, in order to cre-
ate Link Parser lexical entries that have the surface structure
links.

The Link parser is mature. It comes with a dictionary that
has up to 60,000 word forms. It performs well especially
in its ability to guess unknown words. The Link Parser is
adequately fast to parse typed dialogues in real-time.

Sublanguage Analysis using Case Frames
A typical short segment of tutorial dialogue that uses multi-
ply in several ways is shown in Figure 2. This dialogue frag-
ment illustrates a very common tutorial goal, making sure
the student knows what operation will be performed. Gener-
ally the tutor achieves this goal by eliciting the name of the
operation from the student.

In these dialogues an equation to be solved, along with
more equations introduced while solving the problem, are
frequently displayed in a separate window. They are visible
all the time. Many of the referring expressions are refer-
ring to parts of these equations. Thus when the teacher asks
“what operation do you need to apply here?” the student is
looking at two binomials side-by-side in the equation win-
dow, waiting to be multiplied together.

From the dialogues, we manually identified a number of
verbs and operations that serve specialized functions in the
algebra sublanguage, shown in Table 3. They all receive
special case frames.

By way of illustration we have created case frames for the
verb multiply as illustrated in Table 4.
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Tu: James, What operation do you need to apply here??
St: Factoring.
Tu: No, James, not factoring, the expression is already

factored. What is the opposite of factoring?
St: Distributing.
Tu: You can say distributing. But we are multiplying

here. Now, what process do we use when we are
multiplying two binomials.

St: Foil.
Tu: Excellent. You use FOIL. What does FOIL stand

for?
St: First Outer Inner Last.
Tu: Good. Now go ahead and use FOIL to multiply the

two binomials together.

Figure 2: Dialogue From Transcript T1.

multiply divide add subtract times
cancel change check combine compare
determine distribute factor find plug
raise reduce square root simplify square
substitute solve * + - / ˆ =

Table 3: Verbs in the Algebra Sublanguage

Because the case frames are created for our special do-
main, the syntagmatic roles of the verb complements are
not the traditional ones of “agent,” “object,” “beneficiary,”
and so on. Instead we have roles in algebraic manipulations,
such as “op” (for operand), “process” (method of solution),
and “bottom op” (the bottom of a fraction being operated
on). A verb such as solve can have complements such as
problem to be solved and equation to be solved.

Case 1 of multiply represents a common imperative,
where the verb has no complements in the surface struc-
ture. The objects to be multiplied are present in the dialogue
context. Case 2 combines several items with a single plu-
ral noun phrase that will be all multiplied together. Case 3
names two operands for a dyadic multiplication with two
singular noun phrases. Case 4 specifies several dyadic mul-
tiplications, using a plural noun phrase and a singular noun
phrase. In case 5, the process for multiplying is specified.
The “process” role is similar to to Fillmore’s “instrument”
role (the “key” in the Table 2 example). Case 6 specifies the
top and bottom of a fraction. It is similar to a plural noun
phrase, but this semantic case occurs frequently, using this
syntactically frozen form, so we think operating on the top
and bottom of a fraction is likely a special construction in
the algebra sublanguage.

Sublanguage Parsing with Link Parser
Figure 3 shows Link Parser structures generated from pars-
ing two sample sentences in the transcript.

LGP does a good job parsing a majority of the ordinary
text in our transcripts, Figure 3a) shows an example of LGP
parsing what is the operation here? This sentence appears
to be ordinary English. Although it occurs frequently in our
dialogues, and we have classified it as part of our sublan-

1 (No complements)

1. But we are multiplying here
2. Go ahead and multiply now.

2 plural-op

1. Now, what process do we use when we are mul-
tiplying two binomials.

2. Now do the multiplication for each numerator
3. Multiply exponents

3 op, by-op

1. Then multiply the 6 times 4.
2. Multiply 5/2 by 1/2.

4 plural-op, by-op

1. Yes, so I multiply everything by the reciprocal
of the first one right?

2. You can just multiply each term including 3/2 by
the LCD then distribute (3/2 * LCD).

5 process, plural-op

1. Now go ahead and use FOIL to multiply the two
binomials together.

6 top-op, bottom-op, by-op

1. Okay, multiply top and bottom by (x - 4).
2. multiply top and bottom by that factor.

Table 4: Case Frames for multiply

guage because operation is a special concept in the alge-
bra domain, there are no violations the norms of ordinary
English and there are no special roles that we need to ex-
tract. From LGP, parts of speech have been tagged correctly
and punctuation marks have been assigned reasonable roles.
The main verb is has been identified and properly joined to
its two complements what and operation. The sentence has
been properly identified as a question.

Figure 3b) on the other hand, shows a failed parse when
trying to parse so what is y - 51y?, a sentence that violates
normal English rules. The variable y is ignored and the hy-
phen is misidentified as a colon or semi-colon rather than an
arithmetic operator. The expression 51y is guessed by the
system to be a noun, perhaps a reasonable guess for English
purposes but wrong for discussing algebra where y and 51y
should be tagged as operands.

By contrast, Figure 3c) illustrates our enhancements to the
LGP grammar. It shows a useful parse of a sentence within
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our algebra sublanguage: so I multiply each and every term
by 18? The constituents within the sentence are correctly
identified and linked. The ALG link from the LEFT-WALL
to the main verb multiply identifies the sentence as being in
the algebra sublanguage. The lexical entry for the word mul-
tiply calls for this link. It also calls for links to the various
verb complements as specified by the applicable case frame.
The case frame that matches this sentence is: “multiply” +
plural-op + by-op, in that order. Thus we have created
a COP2 link to join the main verb to the plural-op, while
the OO link joins in the by-op. Slightly less useful are the
ambiguous parses of the plural NP (both shown): one iden-
tifies each term and one identifies every term as the plural
operand.

Thus we see that case frames written according to the sur-
face structure of the sentence can readily be mapped into
link grammar rules.

Equations Embedded in Language
However the case frames are not enough, we also need to
parse embedded equations of the sort in Figure 3b). When
we enhance the Link Parser Grammar for this purpose we
define a set of equation-embedded constituents (rather like a
new part of speech) represented by <equation>.

Several types information are needed for <equation>
constituents: we define new link labels, we define rules guid-
ing the construction of these links, and we define new lexical
entries where the words require the new links. The new link
names created for <equation> are as follows. Note that
“Case” represents the head of the phrase.

Word Pair Link
Case to <equation> CEQ
<equation> to <process> EQP
<equation> to <for op> EQF
<equation> to Case EQC
<plural op> to <equation> POE
<op> + <equation> OEQ

Some of the rules for link construction are:

1. Case + <equation>
This is a CEQ link to the left

2. <equation> + Case
This is an EQC link to the left

3. Case + <plural op> + <equation>
This is a POE link to the left

4. Case + <for op> a <equation>
A CQF link to the right

5. Case + <equation> + <process>
A CEQ link to the left and EQP to the right

Finally we make a syntactic pattern for <equation>
class words as follows.

<equation>:
POE- or CEQ- or (CQF- & EQP+) or
(CEQ- & EQF+) or EQC-;

In this notation, POE- means that <equation> class
words can form a POE link to the left. The clause
(CEQ- & EQP+) means a CEQ link to the left and an EQP
link to the right.

There are other constraints applied which are not shown
here, such as a possible link to LEFT-WALL that is the left-
most constituent of every sentence.

Conclusions
The formalism of case frames gives us a way to describe the
algebra sublanguage domain-dependent verb and equation
usages attested in tutorial dialogue. The case frame descrip-
tion of a verb’s specialized syntax can be translated into in-
structions for the Link Grammar Parser with relative ease.
We can also write link grammar rules for embedded equa-
tions. In the future, since case-frame derived grammar rules
assign case roles to constituents of the sentence, the case
frames will aid in producing semantic representations of the
utterances.
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Figure 3: Link Grammar Parser Results


