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ABSTRACT. The phenomenon of noise-induced stabilization oc-
curs when an unstable deterministic system of ordinary differen-
tial equations is stabilized by the addition of randomness into the
system. Noise-induced stabilization is quite an intriguing and sur-
prising phenomenon as one’s first intuition is often that noise will
only serve to further destabilize the system. In this paper, we in-
vestigate under what conditions one-dimensional, autonomous sto-
chastic differential equations are stable, where we take the notion
of stability to be that of global stochastic boundedness. Specifi-
cally, we find the minimum amount of noise necessary for noise-
induced stabilization to occur when the drift and noise coefficients
are power, exponential, or logarithmic functions.

1. INTRODUCTION

This work is motivated by the intriguing phenomenon of noise-induced
stabilization. Noise-induced stabilization occurs when the addition of
randomness to an unstable deterministic system of ordinary differential
equations (ODEs) results in a stable system of stochastic differential
equations (SDEs). We are particularly motivated to find the minimum
amount of noise required for the phenomenon of noise-induced stabi-
lization to occur for one-dimensional, autonomous SDEs of the form

dX (1) = b(X (t))dt + o (X (t))dB(t) .

Here b(x) is the drift coefficient, which pushes the solution determin-
istically in some direction, o(x) is the noise coefficient, which controls
the strength of the noise, and B(t) is Brownian motion, a stochastic
process where for each fixed ¢, B(t) is a normally distributed random
variable with mean 0 and variance ¢t. We assume that b(x) and o(z) are
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continuous functions and that there exists ¢y > 0 such that o(x) # 0
for all |z| > 4.

Our sense of stability comes from that of global stochastic bounded-
ness, which is defined more formally below [3].

Definition 1. X (¢) is stable if for all initial conditions and all € > 0,
there exists some bound R such that

P(X(®#)|<R)>1-—¢
for all t > 0.

In the deterministic setting where X(¢) is a solution to an ODE,
the definition of stability reduces to that of boundedness. Hence, the
unstable deterministic systems that we consider either blow up in finite
time or wander off to infinity. We say that noise-induced stabilization
occurs when the addition of noise to an unstable ODE results in a
stable SDE.

Work by Scheutzow [5] has shown sufficient conditions for the occur-
rence of noise-induced stabilization. In this paper, we find necessary
and sufficient conditions for noise-induced stabilization to occur when
the drift and noise coefficients are restricted to certain forms. Section 2
discusses useful background information on the techniques that we use
to prove noise-induced stabilization. Sections 3, 4, 5, and 6 present and
prove our results concerning noise-induced stabilization for when the
drift and noise coefficients are general power functions, polynomials,
exponential functions, and logarithmic functions, respectively. Section
7 discusses the problem of the minimum amount of noise required to
stabilize an unstable system when the noise coefficient is not restricted
to a particular form.

2. BACKGROUND

In this section, we discuss preliminary information on the methods
used to find our results. In particular, our work uses a well-known result
from [2] to determine the stability of SDEs, and specifically whether
noise-induced stabilization occurs. For ease, we will refer to this result
as the “Stochastic Stability Theorem.”

Stochastic Stability Theorem. Consider the general form for au-
tonomous first-order SDEs:

dX (t) = b(X (t))dt + o(X(t))dB(t)

where b(x) and o(z) are continuous functions and there exists €y > 0
such that o(x) # 0 for all |x| > £y.
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Define the following quantities:
T —2b
exp / (2) dz when x >/
_ ¢

o s(z)= v _02(2)
exp / 2212(2)) dz when © < —/
_¢ 072
/ s(y)dy  forx > ¢
o S(x) =4 72
y s(y)dy  forx < —¢
T

s(z)o?(z)
/ m
[ ] M(ZL’) = e:r:
m
—r
The SDE is stable if any only if there exists { > {y such that

(y)dy  forx > ¢
(

y)dy  forx < —{

S(o0) =00, S(—00)=—00, |M(c0)| <00, |[M(—00)| < 0.

Note that since the lower limit of integration does not affect the
convergence or divergence of these integrals, ¢ can be any real number
greater than or equal to /.

Due to the terms defined in the “Stochastic Stability Theorem,”
there are several reoccurring, non-trivial integrals in our proofs. Hence,
we prove below the convergence or divergence of these types of integrals
to use as a reference.

Lemma 1. Consider the integral

oo
n
/ e dx
1
where n is any real number.

(1) If ¢ > 0, then the integral is infinite.
(2) If c <0 and n <0, then the integral is infinite.
(3) If ¢ <0 and n > 0, then the integral is finite

Proof. (1) If ¢ > 0, then cz™ > 0 for all x > 1, which implies
e®™ > 1 for all x > 1. Thus,

o o
/ e dx > / dr = 0.
1 1
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(2) If c < 0 and n < 0, then 2™ < 1 for all > 1, which implies
cx™ > ¢ for all > 1, which in turn implies that e®®" > e for
all z > 1. Thus

o o
/ e dx > / efdx = oo.
1 1

(3) By the Taylor series expansion for e, e¥ > z]/C_’T for any y > 0 and
any nonnegative integer k. Hence, eiy < yk—,L for any y > 0 and
any nonnegative integer k. If ¢ < 0 and n > 0, then e®*" = W

k! k!

where [c|z™ > 0 for all z > 0. Hence, " < TE = T for

any nonnegative integer k for all x > 0. Since it holds for any
nonnegative integer £ and n > 0, we can choose ky such that

nko > 1. Thus,
R k!
/ e d:cg/ SO
: L T
B —ko! o
 JefFo(nkg — D)amko-t])
ko! -
= < 0.
¢k (nko — 1)

Consider the integral

-1
n
/ e dx.
—00

This integral is well-defined only when n is an integer, so we will now
restrict to this case.

Corollary 1. Consider the integral

-1
/ e du,
where n 1s an even integer.
(1) If ¢ > 0, then the integral is infinite for any n.
(2) If ¢ <0 and n < 0, then the integral is infinite.
(3) If ¢ < 0 and n > 0, then the integral is finite

—z)"

Proof. If n is an even integer, then e®" = e and

-1 o0
n n
/ e dx = / e dx.
—00 1
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Thus, we get the same classification of the integral being finite versus
infinite as in the previous lemma. U

Corollary 2. Consider the integral

-1
/ e du,
where n is an even integer.
(1) If ¢ <0, then the integral is infinite for any n.
(2) If ¢ >0 and n < 0, then the integral is infinite.
(3) If ¢ > 0 and n > 0, then the integral is finite

Proof. If n is an odd integer, then e®" = e~“(=®)" and

—1 00
n _
/ e dx :/ e dx.
—00 1

Thus, we get almost the same classification of the integral being finite
versus infinite as in the previous lemma, with just the sign of ¢ reversed.

U

3. POWER FUNCTION STABILIZATION

In this section, we consider ODE’s where the drift coefficient is a
general power function i.e.

dX(t) = r|X(t)|9dt.
These ODE’s are unstable for any r # 0.
Theorem 1. Consider the SDE
dX(t) =0b(X(t))dt + o(X(t))B(t)
where b(X (t)) = a|X(t)|? if ¢ > 0 and o(X(t)) = r|X(t)]P if p > 0. If
q < 0 then the drift coefficient takes the following form:

b(X (1) = {”X(t)'q for [X (1) > 1

r for | X(t)] < 1.
Likewise, if p < 0, then the noise coefficient takes the following form:

_ JaX@PF for [X(®)] =1
o(X(®) = {a for | X(t)| < 1.

Also, r, a, q, and p are any real numbers. Noise-induced stabilization
occurs if and only if r # 0 and one of the following sets of conditions
15 met:

{1 q+1
e p > max

5,7} for any a # 0 or
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dX (t) = X (£)dt + X (£)dB(2) +3X (£)dB(¢)

(o} 0.5 1.5 2 o 0.5 15 (] 0.5 1.5

1 1
) z i

Unstable ODE Unstable SDE Stable SDE

FiGure 1. This image depicts an unstable power ODE
that is stabilized with the sufficient amount of noise.

. q+1 a’q>2|r] for0<q<1
b a*>2lr|  forq>1.

Figure [I] shows three separate graphs depicting the phenomenon of
noise-induced stabilization. The graph on the far left shows an ODE
that diverges off to infinity for all positive initial values; therefore,
the ODE is unstable. The middle graph depicts the noise value of
X (t)dB(t) added to the previously unstable ODE. This specific amount
of noise added does not stabilize the system as a®> < 2r. The final image
depicts 3X (¢)dB(t) added to the unstable ODE. It can be seen that
the SDE converges. This occurs since a? > 2r.

Proof. The “Stochastic Stability Theorem” will be used to show un-
der what conditions noise-induced stabilization occurs. With ¢ = 1
evaluation of the s(x) term gives

—2r|z|4

exp flx Wdz} when z > 1

exp fx Lwdz] when r < —1

—1 a2‘z|2p

s(z) =

exp [2 [ 297%dz] when z > 1
exp [;—22’“ ffl(—z)q_zpdz} when z < —1

where the integration depends on the value of ¢ — 2p. The non-critical
case where p =+ %1 will be considered first.
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Simplification of Proof: Y (t) = —X (t) must have the same exact sta-
bility as X () since they have the same magnitude.
dY (t) = —dX(t)
= —r|X(t)|?dt — a| X (t)|PdB(t)
= —r|-Y(t)|%dt — a|-Y (t)|PdB(t)
= —r|Y (t)|%dt — a|Y ()|PdB(t)
Hence, the stability of X (¢) with —r, ¢, —a, and p must be equivalent to

the stability with r, ¢, p, and a. Thus, when proving Theorem 3, it suf-
fices to just prove the case with r > 0.

Non-Critical Case: Assume ¢ — 2p # —1 and let ¢ =
n=gq—2p+ 1. Then

—2r
a?(q—2p+1) and

exp [e(x™ — 1)] when z > 1
s(z) =
exp [—c((—z)" —1)] when z < —1
) exp [—c|exp [cz"] when z > 1
| explcexp[—c(—2)"]  when z < —1
and therefore
S(z) = exp [—c] [} exp [cy™] dy when z > 1
exp [c] [, exp [—c(—y)"|dy  when z < —1.
Evaluation of the m(x) term gives
& exp [c] 27 exp [—cz"] when z > 1
m(x) = Q9 —2 n
s exp [—c| (—z) P exp [c(—z)"] when z < —1
and then
M) = sexpld [y exp [—cy™] dy when z > 1
N a% exp [—(] ffl(—y)’%’ exp [c(—y)"]dy  when r < —1

Letting z = oo gives

5(00) =exp(~c] [ explen’)dy 1)

and

M(e0) = exple] [y el dy )
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and letting x = —o0 gives

—00

S(—o00) = expld] / exp [—c(—y)"] dy

-1

— _exp[d / exp [—c(—y)"] dy

= —exp|d /100 exp [—cy"| dy (3)

and

M(=o0) = el [ ()P exp le(—y)] dy

1

:'_é%exp[—cy/:(—y)zpexpki—yYWdy
= —% exp [—¢] /100 Yy~ exp [ey"] dy (4)

Non-Crritical Case 1 Assume r > 0, p > q;r—l, and p > % which means
n:q—2p+1<0andc:ﬁ > 0. It follows that ¢ > cy™ > 0
and therefore explc] > exp[cy™] > 1 on the interval from 1 to co. The

lower bound of exp[cy”] allows for the following comparison of (T]):

S(00) > exp[—(] /100 dy = oc.

Therefore, S(co0) = oco. The upper bound of exp[cy™| allows for the
following comparison of :

1 o
M(=00) 2~ expl—d] [y expleldy
1
1 [~
=—— [ y *dy
a” J1
> —00

After cancellation of the exponential terms, the integral takes the form
floo y~?Pdy. This integral converges if —2p < —1 which is the case
since it was assumed that p > 4. Therefore, |M(—00)| < oo.

The constants n and —c are both negative so 0 > —cy™ > —c on

the interval. Then 1 > exp|—cy”| > exp[—c|]. The lower bound of
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exp|—cy"] allows for the comparison

S(—o0) < —expld] /100 exp[—cdy = — /100 dy = —o0

of and the conclusion that S(—oo) = —oo. Therefore, S(—o00) =
—00. The upper bound of exp[—cy"] enables the comparison

1
M(0) < ?exp[c]/l ﬁdy < 00

of . Once again, the integral floo y~?dy converges since p > %
Therefore, | M (00)| < 0.

Through application of the “Stochastic Stability Theorem”, it has been
shown that noise-induced stabilization occurs when r» > 0, p > %, and
p > % Recalling the proof simplification, it can also be concluded that

noise-induced stabilization occurs when —r > 0, p > %, and p > %

Non-Critical Case 2: Assume r > 0 and p < %. Thenn = q¢—2p+1 >
0, c = aQ(q:—22;>+1) < 0, and —c > 0. Therefore, the integral contained
in (1)) is of the form floo explcy™]dy where ¢ is negative and n is pos-
itive. Lemma 1.3 and 1.4 indicates that integrals of this form con-
verge. Therefore, S(00) < co. Application of the “Stochastic Stability
Theorem” shows that noise-induced stabilization does not occur when
r > 0and p < q;r—l. The proof simplification indicates that noise-
induced stabilization also does not occur when —r > 0 and p < q;r—l.

Non-Crritical Case 3: Assume r > 0 and % >p > ‘1'2'“—1. Then n is a
negative constant and c is a positive constant. Therefore, exp[cy”] > 1
on the interval from 1 to co. This allows for the following comparison

of (4):
1 o0
M () < — 3 XP [—c]/ y 2P dy.
1

Since p < 1, the integral [ y~?Pdy must diverge. Therefore, | M(—o00)| =
oo so noise-induced stabilization does not occur when r > 0 and

L>yp> %1. The simplification of the proof indicates that sta-
g+l

2
bilization also does not occur when —r > 0 and % >p >4

Critical Case: Assume ¢ — 2p = —1. Then the s(z) term takes the
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form
exp [=2 [ 27'dz] when z > 1
s(@) = exp [;—22’" ffl(—z)_ldz] when z < —1
_ Jexp[=%In(z)] whenz>1
~ exp[ZIn(—2)] whenz < —1
Xl for x > 1
- 2r
(—x)a2  forx < —1
and

[i s(y)dy  forxz>1
Ste) = {f s(y)dy  for x < —1

I Yo dy for x > 1
(= yady forz < —1.

Evaluation of the m(x) term gives

B al pazp forxz >1
m(x) =q%
-2

(—x) a2 T forz < —1

and

1 rr, 2 op

= ), y2 dy for x > 1

M(x) - 1 fliﬂ =2r_9p

= [T (—y) > FPdy  forx < —1.

Evaluation of the terms at x = oo and z = —oo gives
S(00) = / y o dy, (5)
1
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and
1 > ;27“_227
M(—o0) = o] (—y) =« Pdy
-1
1 -1 2r
== [ (-y)F Ty
]_ 0 —2r
= | vy (8)
Critical Case 1: Assume r > 0, p = %1 > %, a? > 2r and a?q > 2r.

It follows from the assumptions that 0 < 2—2 <1 for ¢ > 1. Therefore,
1< ;—22’“ < %WhiCh means the integrals in both

s(0) = [ uFay

and @
S(—o0) = —/1 ye dy

must diverge. Likewise, if ¢ < 1, it must be the case that —1 < —¢ <

_2r

r < 2 < ¢ <1 so that the integrals must still diverge. Therefore,
a a

S(00) = 00 and S(—o0) = —o0. Note, that in the case where r is neg-
ative, ;—227" > 2—2 This is why the magnitude of » must be considered in
the stabilization conditions.

The assumption that 2r < a?q and p = % is equivalent to the as-

sumption that 2—; —2p < —1 for ¢ < 1. Since r is positive it can further
be implied that —2; — 2p < —1. The fact that both of these terms are

a

strictly less than negative 1 means the integrals in both
1 [ 2
M (o) = —/ yar Py
1

and

a? Jq

must converge. For ¢ > 1, it must be the case that ¢ > 1 > 3—’2’ which
implies ;—22’" —2p < [21—;’ — 2p < —1 so the integrals once again converge.

Therefore, |M(oo)| and |M(—o0)| are both finite.

Through application of the “Stochastic Stability Theorem”, it has been
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shown that n01se induced stabilization occurs when r > 0, p = qH > =
a? > 2r and a?q > 2r. Recollection of the proof s1mphﬁeat10n motl—
vates the conclusion that stabilization also occurs when —r > 0, p =

%1 > %, a? > —2r and d?%q > —2r.
Critical Case 2: Assume r > 0, p = %, and a®> < 2r. Then it
must be the case that =2 < —1 which implies the integral contained

in must converge. I%I‘herefore, S(o0) < oo so noise-induced sta-
bilization does not occur. Likewise, if r < 0, p = q;r—l and a® <
2|r|, then ;—22’" > 1 and 2—2 < —1 so the integral contained in (0
must converge. Therefore, S(—oc0) > —oo and noise-induced stabi-
lization does not occur when r > 0, p = %1, and a? < 2r. The
proof simplification allows for the additional conclusion that stabi-
lization does not occur when —r > 0, p = %, and a? < —2r.
Critical Case 3: Assumer > 0, p = q+1 and a?¢ < 2r. Then it must be
the case that z—T — 2p > —1 which 1rnphes the integral contained in
diverges. Therefore, |M(00)| = oo and noise—induced stabilization does
not occur Now assume r < 0, p = q+1 and a?q < 2|r|. Then it follows
that =5 —2p > —1 which implies the integral contained in ( . 8)) diverges.
Therefore |M(—o00)| = —o0 and n01se induced stabilization does not
occur when » > 0, p = q+1 and a?q < 2r. The proof simplification in-
dicates that stabilization also does not occur when —r > 0, p = q“ and
a’q < —2r.

Critical Case 4: Assume p = ﬂ < l and assume aq > 2|r|. These as-

Q\TI

sumptions imply 5 < ¢ < 0. However thls is not possible. Therefore,

there are no cases Where both p = £ < 1 and a%q > 2|r|. O

4. POLYNOMIAL STABILIZATION
In this section, we investigate stabilizing
dX(t) = b(X(t))dt,

where b(z) is any polynomial of degree ¢. If r is the coefficient of the
highest degree term, this ODE is unstable when ¢ is even for any r # 0
and when ¢ is odd for any r > 0.

The lemma below, as well as the following corollaries, describe gen-
eral results about polynomials which will be used in the proof of noise-
induced stabilization for when the drift and noise coefficients are poly-
nomials.
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Lemma 2. Let f(x) be any polynomial of degree q, where the coefficient
of the highest degree term is r > 0. Then, there exists k > 0 such that

r(z— k)< f(x) <r(z+k)?
for all x > k.

Proof. 1f ¢ = 0, then f(z) = r and the claim is true for £ = 0. Hence,
assume ¢ > 1. Since f(z) is a polynomial of degree ¢, it has the
following form:

f@)=ra +raT $ i+ 4Ty,

(&} _ T2 _ Tao—1 T
:r<xq+—xq e T
r r r r
where 71,79, ...,74-1,74 are any real constants. Let
™ T2 Tq—l Tq
Tmax = maX{l?’? ’?‘7 BT ‘T‘a ’?’}

and k = max{q - "max, 1}. Then for x > k,
red — kx? !t < f(x) < raf + kot
and factoring gives
ra?t Nz — k) < f(x) < ra?Hx + k).
Hence for = > k,
r(z—k)? < f(x) <r(z+ k)%
O

Corollary 3. Let f(x) be any polynomial of degree q, where the coeffi-
cient of the highest degree term is r < 0. Then, there exists k > 0 such
that

r(z+k)? < f(x) <r(x—k)*
forall x > k.

Corollary 4. Let f(x) be any polynomial of degree q, where the coeffi-
cient of the highest degree term is r > 0. Then, there exists k > 0 such
that if q is even,

rz+ k)" < fle) <r(z— k)
and if q is odd,

r(x —k)? < f(z) <r(x+k)?
for all x < —k.
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dX(t) X (¢ 2dt (X(t L)dB(t) X (¢

Unstable ODE Unstable SDE Stable SDE

FiGURE 2. This image depicts an unstable polynomial
ODE that is stabilized with the sufficient amount of
noise.

Corollary 5. Let f(x) be any polynomial of degree q, where the coeffi-
cient of the highest degree term is r < 0. Then, there exists k > 0 such
that if q is even,

r(z—k)?< f(x) <r(z+k)?
and if q is odd,

r(x+ k)< f(x) <r(z—Fk)*
for all x < —k.

Theorem 2. Let b(x) be any polynomial of degree q, where the coef-
ficient of the highest degree term is r, and let o(x) be any polynomial
of degree p, where the coefficient of the highest degree term is a F#*
0. Then noise-induced stabilization of the SDE dX (t) = b(X(t))dt +
o(X(t))dB(t) occurs if and only if the corresponding ODE is unstable
and one of the following conditions is met:

0p>‘“;—107"
2
a“ > 2r orq=1
op:q;r—lcmd ) forq .
a*>2r forq>3

Figure [2] shows three separate graphs depicting the phenomenon of
noise-induced stabilization where the drift and noise coefficients are
polynomials. The graph on the far left shows an ODE that diverges off
to infinity for all positive initial values; therefore, the ODE is unstable.
The middle graph depicts the noise value of (X (t) + 1)dB(t) added
to the previously unstable ODE. This specific amount of noise added

does not stabilize the system as p < %1. The final image depicts
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(X(t) + 1)%dB(t) added to the unstable ODE. It can be seen that the
SDE converges. This occurs since p > q+1

Proof. Suppose r > 0. By Lemma [2] and Corollary [4] there exist some
ky and k, such that

exp | [, Mdz} when z > ¢ > max (ky, k)

s(x) > z GQ(;T(; ks
exp | [7, (ﬂ(w—kd’z} when x < —¢ < — max (ky, k)
and
@) < exp — ; ;Z(jj—ﬁdz} when z > ¢ > max (ky, k)

exp | 7, %dz] when = < —¢ < —max (ky, k,)

(10)
for even ¢, and

exp | [ %d:z} when x > ¢ > max (ky, k)

exp | fe %dz] when z < —¢ < —max (ky, k,)
(11)

oxp | [ Fntrpedz|  when @ > £ > max (k, k)

exp | °, #dz when z < —¢ < —max (ky, ko)
(12)
for odd ¢. These bounds allow for simpler analysis of conditions set by

the “Stochastic Stability Theorem.” First, consider the case where ¢ is
even. Suppose p > q;r—l. By @D,

S(c0) > /;oexp [/; Hdz} dx.

Let y = z — k,. Then, by Lemma , there exists a &; > 0 such that

oo z q 7. .q—1
S(o0) > / exp [/ 2r(y? + ky )dy] dx.
¢ ¢

a2y2p

By dividing through and integrating, it can be found that

00 —9 q—2p+1 —Opkey 2P
S(o0) > 0102/ exp [ T } exp [ rhn ] dx
¢

a? ¢q—2p+1 a? q—2p

2 g1-2pt1
a? g—2p+1

and therefore aiii@p)

27"];:1 a—2p
a? q—2p

2rk1 xd—2p

> 0, the smallest exp[ 2 q—2p

where ¢; = exp [ ] and ¢y = exp [ ] Since ¢ —2p < —1,

} can be is 1.
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Therefore,

s oo —2r pi2ptl
>

Since ¢—2p+1 < 0, this integral diverges by Lemmall]. By comparison,
S(o0) = 0.
With these bounds on s(z),

Let y = 2 — k,. Then, by Corollary , there exists a ks > 0 such that

S(—o00) < /__OO exp [/ —2rly + iﬂQy(I_l)dy] dr.

¢ ) a’y?

By methods similar to those used previously, it can be found that

—0o0 -9 q—2p+1
S(—o0) < cl/ exp [ 27" ’ } dx
i, a* q—2p+1

where ¢; = exp [2—2 %] and ¢y = exp [23% %]. By Corollary

this integral diverges to —oo. Thus, S(—o00) = —o0.
Consider M (c0). By Lemma 2]

> 1 T (29 + k2970
M(OO) < /e WGXP [/g 22 dz| dz.

There largest the exponential term can be is 1, and therefore

o 1

M(OO) S 6102/6 md&?
where ¢; = exp [2—;(‘;{1—22;:} and co = exp [22—’;“%} This integral
converges for p > %, which is always true since p > &21 and ¢ > 0.
Thus, M(co) < oco. Proof that |M(—o0)| < oo follows similarly. By
Corollary [4]

- 1 T 21 (29 4 kp2?1)

|M(—OO)| < /e WeXp [/e 222D dz| dx| .

. -1 o —or (_g)q72p+l
The largest the exponential term can be is o where ¢; = exp = o

Thus,
|M(—o0)| <

Y

[, @
—————ax
2], @+ k)
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Lo (—0)4—2P
where and ¢, = exp [QZ#%

which again is always true. Therefore |M(—o0)| < oo, and noise-
induced stabilization does occur when p > %1, r > 0, and ¢ is even.

Now, assume ¢ is odd. The proofs that S(c0) = oo and M(c0) < o0
are identical to the case where ¢ is even. Now consider S(—o0). By

([12),
S(—o00) < /E exp {/g ﬁdz] dr.

Let y = z + k,. Then, by Corollary , there exists a ks > 0 such that

e T2y — gyt
S(7e0) < /e o [/z ( a2y2p2 )dy dr.

By dividing through and integrating, it can be found that

—o0 ) q—2p+1 Opko 1-2P
S(—oo)gclcg/ exp{ i ]exp[er ]dx

]. This integral converges for p > %,

¢ a* ¢q—2p+1 a? q—2p
where ¢; = exp [i—;%} and ¢y = exp [%@%] Since ¢ —2p

is odd, exp [%%] > 1. Therefore,

—0o0

S(—o0) < 0102/

—2r gi2ptl
.
—

eXP{ @ q—2p+1

By Corollary [1], this integral diverges to negative infinity, and therefore
S(—00) = —00. Now consider M (—o0). By Corollary

e 1 T 9 (29 — kpz?h)
/f CLQ(I""]CO-)QP exp [/E a222p dz | dx

The largest the exponential term can be is 1. Therefore,

[
Ci1C ———— - akx
162 » a2(l.+ ko_)Qp

_ —¢)4—2p+1 Lo (—0)4—2P . .
where ¢; = exp [%(qzw] and ¢y = exp [22#%} Again, this

integral converges and therefore |M(—o0)| < co. Now, it is sufficient

to say that noise-induced stabilization occurs when p > %, r > 0,
and ¢ is odd.

|M(—o0)| <

|M(—o0)| <

)
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Suppose p = £. By (10), S(oc) can be bounded such that

S(00) < /;O exp M %dz} da.

Let y = 2z + k,, and, by Lemma , there exists a k2 > 0 such that

> T —2r(yt — koy?™!)
S(00) g/e exp [/é a2y2p2 dy| dx.

By dividing through and integrating, it can be found that

> T2 T ok 1
S(oo)g/ ex / e exp / rk2—dz dx
¢ ¢ Cl2 ¢ a2 z
o) -9 i
= 0162/ exp[ ;ﬂx:| |Q§'|%dﬂf,
¢ a

where ¢; = exp [%] and ¢o = |[¢| <= . This integral converges, and

therefore S(00) < 0.
Suppose p < £. By the same bounds on s(x),

S(00) < /:O exp M Mdz] i

a?(z + ko )?P

Let y = z + k,. By Lemma , there exists a ks > 0 such that

S(x0) < /;o exp [/j —2rly” = EQle)dy] dx

a2y2p

o —2r patl Orky x1™%
= 1Cy / exp [ ] exp dx,
¢

a2 q—2p+1 a? q—2p

where ¢; = exp [Z—Zé‘f;;: and ¢y = exp [%Zkz %]. For sufficiently
large x, )

o0 [—2pr g2 tl T

S(o0) < cc ex exp | ——— | dx
(o) < 12/2 p_aQq—2p+J p{a2q—2p+1]
o] -—T SL’q_2p+1 d
= cyc exp |———| dx.
12/e p_aQq—2p+1]

By Lemma [I| this integral converges, and thus S(c0) < co. Therefore
noise-induced stabilization does not occur when p < &21 and r > 0.
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Suppose p = £ and suppose a

when ¢ > 3. By (9),

S(00) > /;o exp [/g %m} d.

Let y = z — ky. By Lemma [2] there exists a k& > 0 such that

o0 T _ q 4 I ~q—1
S(o0) 2/ exp [/ 2rly" + kiz )dy] dx
¢ ¢

a2y2p
o 2 2rk; 1
= 109 |z| a2 exp dx,
¢
—2rk; 1]
2

a? x
where ¢; = |€|% and ¢, = exp[=5%¢]. This integral diverges for a* >
2r, and therefore S(00) = 0o. Now, consider S(—o0). Note that since
p= %1, and since p is an integer, ¢ must be odd. By ,

S(—o0) < /_OO exp U Mdz] .

¢ o @2(2 + ko)

2> 2r when ¢ = 1 and a? > 2r

Let y = 2z + k,. By Corollary , there exists a ks > 0 such that

S(—00) < /_OO exp [/“ —2r(29 — Z:zqu)dZ] do

¢ —¢ a?z?
e —2r —27“12 1
< 0102/ || 2 exp [ 5 2—] dz,
) a X
where ¢; = | — f|%5 and ¢; = exp[%’j”%]. This integral diverges to
negative infinity for a®> > 2r, and therefore S(—oc0) = —oo. Consider

M (o0). By Lemma 2]

o0 1 T (29 + kyz0)
M(OO) < /g mexp [/g pEyET dz | dx.

The exponential term can be partially bounded such that,

M (o0) §C1/£ Wm“ dx,
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Therefore,

where ¢; = |/ |7722T For sufficiently large x

M) <o [ o

:cl/ a:a g,
¢

1
) a2($_k )2p — a? 2p
& 22p 27
||« dx

a?

This integral converges for a?q > 2r, and therefore M (0o) < oo.
Consider M (—o0). By Corollary [4]

—0 1 T 27”(2'1 _ ];2211—1)
|M(—o0)| < /—e —aQ(q:—i—kg)?P exp [/—e Y dz| dx
= [C1Cy /oo ;’x‘% exp 27’1{?2 d&?
¢ CLQ(.T —+ kg)2p a2 €T
where ¢; = | — €|_‘% and cy = exp [2252 %] The largest exp [22%%} can

be is 1. Also, for sufficiently large x,

00 22p
6102/ |r1:| 2 da
iy CL

o0 22p
0102/ —|x|7_2pdx
.y a?

This integral converges, and therefore |M(—o0)| < oco.

Now, suppose a? < 2r when ¢ = 1 and a® < 2r when ¢ > 3. Consider
S(00). By the bounds on s(z),

S(00) < /;O exp M %dz} da.

Let y = 2 + k,. By Lemma , there exists a ks > 0 such that

> T _op(yt — k2t
S(00) g/g exp [/K a2y2p2 dy| dx

g —2rky 1
:clcg/ : exp[ 2 2—] dx,
¢ a xr

where ¢; = |€| and ¢y = eXp[Q’“lCl +]. Since exp [ 2”“2 x] <1,

[M(—o0)| <

S(o00) < 0162/ |x|%da:
¢

This integral converges when a? < 2r, and therefore S(0o0) < co. Thus,
when p = q+ , and r > 0, noise-induced stabilization occurs if and only
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if a®> > 2r when ¢ = 1 and a? > 2r when ¢ > 3.

Let Y (t) = —X(t), and suppose ¢ is even. Since Y () is bounded if
and only if X (¢) is bounded, Y (¢) must have the exact same stability
as X (t). It follows that

dY (t) = —dX(t)

= —[b(X(t)dt + o(X(t))dB(t)]

= —[b(=Y(t)dt + o(=Y(t))dB(t)].
Since the highest degree term of the drift coefficient determines the
stability, and since ¢ is even, the stability of X (¢) with leading coeffi-
cient —r is equivalent to its stability with leading coefficient r. Since
the noise coefficient, o(x), is always squared in the terms defined by
the “Stochastic Stability Theorem”, the sign of the coefficient plays no
role in the stability of the SDE. Note that this only holds for even ¢

since the original ODE is stable for » < 0 and ¢ odd.
O

5. EXPONENTIAL FUNCTION STABILIZATION

This section considers ODE’s where the drift coefficient is an expo-
nential function, i.e.
dX(t) = r(exp[X(t)])?dt.
where r and ¢ are any real number. The ODE is unstable for any r # 0.

5.1. General Exponential Stabilization.

Theorem 3. Consider the SDE
dX (t) = r(exp[X(t)])?dt + a(exp[X (t)])PdB(t)

where v, a,q, and p are real numbers. Noise-induced stabilization occurs
if and only if r # 0, a # 0 and one of the following sets of conditions
15 met:

e >0 and p > max{0,%} or
o r <0 and —p > max{0, 5!}

Figure |3| shows three separate graphs depicting the phenomenon of
noise-induced stabilization. The graph on the far left shows an ODE
that diverges off to infinity for all positive initial values; therefore,
the ODE is unstable. The middle graph depicts the noise value of
10exp [2X(t)] dB(t) added to the previously unstable ODE. This spe-

cific amount of noise added does not stabilize the system as p < % The
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L dX (1) = exp [X ()]t +10exp [§ X (¢)]dB(t) +1 exp [X(¢)|dB(¢)

10 10 — 10

5 5 | 5\/\‘“\'__“_
0 05 1 ) o5 05

¢ x10™ t x10™ t x 10"

Unstable ODE Unstable SDE Stable SDE

F1GURE 3. This image depicts an unstable exponential
ODE that is stabilized with the sufficient amount of
noise.

final image depicts 5 exp [X(¢)] dB(t) added to the unstable ODE. It
can be seen that the SDE converges. This occurs since p > %

Proof. The “Stochastic Stability Theorem” will be used to show under
what  conditions noise-induced stabilization  occurs.

Simplification of Proof: Y (t) = —X(t) must have the same exact sta-
bility as X (¢) since they have the same magnitude.

dY (t) = —dX (1)
= —r(exp[X(t)])?dt — a(exp[X(1)])’dB(t)
= —r(exp[=Y(t)])?dt — a(exp[-Y (¢)])"dB(1)
= —r(explY(¢)])"?dt — a(exp[Y (¢)])"dB(t)

Hence, the stability of X (¢) with —r must be equivalent to the stabil-
ity with r, but with —q, —p, and —a substituted for ¢, p, and a. Thus,
when proving Theorem 3, it suffices to just prove the case with » > 0.
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With ¢ = 1, the s(z) term takes the form

(o) = exp 1:'3 gf;e—l’ig[gzdz] for x > 1
exp | [7) ﬁ%’mdz} for x < —1

exp ;—2 [ expl(q — 2p)z]dz]  for x> 1
exp | =3 [7 expl(q — 2p)z]dz] for v < —1

exp [=2 [ explkz]dz]  for z > 1
~)exp ’2’" S5 exp /{;z]dz] for v < —1

where kK = ¢ — 2p. The integration depends on the value of k. The
non-critical case where k # 0 will first be considered.

Non-Crritical Case: Assume k # 0.

_ Jexp (=2 (exp[kz] — explk])] forx > 1
exp |22 (exp[kx] — exp[—k])]  for z < —1

s(x)

exp |28 exp [ explha]]  for x> 1

exp | & e;(%—’fl} exp [ 7 exp[lmc]] for x < —1
and
S(z) 2r2§i[k}] Ji exp [ explky]] dy for x > 1
€T) =
2r02§k } J7 exp [Z3F explky]] dy  for z < —1
— f [an exp[k;yH dy forxz>1
f [a2k exp[ky]] dy forz < —1
where ¢; = |:2rexp[k]:| and ¢y = exp [%‘%I’IL—’“]} Moving on to the

m(z) term gives

a%l exp | an explkz]] exp[—2pz] for z > 1
exp exp[kx]] exp|—2pz| forz < —1

a2 ca a21€

an

M(z) =

a2102 [%, exp [ explky]] exp[—2pyldy  for z < —1

e Jy exp [Fpexplky] — 2py]dy  for x> 1

azlcQ f_ exp [ - explhy] — pr} dy for z < —1.

{ﬁ 7 exp [ 27 explky]] exp[—2pyldy  for z > 1
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Setting x equal to positive infinity gives

S(00) = ¢4 /1 " exp LQIZ exp[k;y]] dy (13)

and
1 o 2r
M(o0) = el A oy xPlky] — 2py| dy. (14)

Setting x equal to negative infinity gives

S(=00) = ¢ /_ T exp [ 2]: exp[ky]} dy

1

= —cy / exp[ 2 exp[ky]] dy

——cx [ | 2 esoltol | (15)

and
1 - 2r
M(—o0) ~2a /. eXp{ kexp[ky]—%y] dy
1 -1

{27"
= — — exp

—2py| d
2y - explky] py} Y

1 o0 2
= — exp [ d exp|—ky] + 2py1 dy
a’cy Jq 2k
1 o 2r a’kp
— — . 1
L% (exp[ kyl + — y)} dy.  (16)

Non-Critical Case 1: Assume r > 0 and p > max{0,Z}. Since p >
max{0, 2}, it must be the case that & = ¢ —2p < 0 and p > 0.
Since k is negative and r is positive, it follows that the constant ;TQI’;
is positive and therefore the exponential terms exp [ —7 exp[ky]] and

exp [ =2 exp[—ky]] must be greater than 1 on the interval from 1 to co.
This allows for the comparison

S(oo)ch/ dy = oo
1
and
S(—OO)S—CQ/ dy = —
1

and the conclusion that and diverge. Therefore S(00) =
oo and S(—o0) = —oo. The exponential decay term exp[ky] bounds
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the exponential term exp [% exp[ky]} between exp [%} (lower bound)
and 1 (upper bound). This allows for the following comparison of
to a smaller integral:

1 o0
M(OO)SaZ_Cl 1 exp [—2py] dy

< 00

The smaller integral has the form [ exp[—2py|dy with where the con-
stant —p is negative. Then Lemma (1| indicates that the integral con-
verges and |M (o00)| < oo.

Since —Fk is positive, the Taylor series expansion indicates exp[—ky| >
—ky on the interval from 1 to oco. Now, assuming —k + “i—pk > 0, the
following comparison of to a smaller magnitude integral can be
made:

1 o 2r a’*pk
M- > = [ |2 (s 25 )|

a?cy

1 [ 2r a’pk
=—— ey
ate, )i P [@% ( i >y]

> —00.

Since it was assumed that —k + ai—pk > (), the smaller magnitude inte-
gral takes the form floo exp|cy™]dy where ¢ is negative and n = 1. Then
Lemma |1] indicates that integrals of this form converge so |M(—o0)| <

00 if —k + 2 > 0,

Now, assume —k + @ < 0 which is equivalent to the assumption that
-k < %QM. This inequality allows for the comparison exp[—ky| <
exp [—@} and the following comparison of to a smaller magni-

tude integral:

00 2 2
M(—o0) > — L exp [Q—T <exp [_a pky} + 2 pky)] :
a T r

a’cy J,

Recalling that —aQTpk > (0 and considering the Taylor Series Expan-

2
sion, the comparison exp [— “kay} > (—@) Y+ % (—@) y* can
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be made. This allows for the following comparison of the smaller mag-
nitude integral:
1

M(—00) > — ——
(—o0) == 5

* 2r a’pk 1 a?pk\° a’*pk
/ exp 7|~ y+ =\ - P y2 + —py
1 a’k r 2 r r

1 o r a’pk\’ 9
a’cy J, Pk r Y

> — 0Q.

2
a?pk
r

The final integral takes the form [ expley”]dy where ¢ = - (—

is a negative constant and n = 2 is a positive constant. Then Lemma
indicates that integrals of this form converge so then |M(—o0)| < oco.

Application of the “Stochastic Stability Theorem” indicates that noise-
induced stabilization occurs when r > 0 and p > max{0, Z}. The sim-
plification of the proof indicates that noise-induced stabilization also
occurs when —r > 0 and —p > max{0, 5}.

Non-Crritical Case 2: Assume r > 0 and ¢ > 2p. Since ¢ > 2p, it
must be the case that k = ¢ — 2p > 0 and ;TQ,: < 0. The Taylor series
expansion indicates that exp[ky] > ky on the interval which allows for
the following comparison of to a smaller magnitude integral:

S5(o0) Scl/ exp {_—%ky} dy
1

a’k

< 00

The smaller magnitude integral takes the form floo explcy”|dy where
c = ;—227" is a negative constant and n = 1. Then Lemma (1| indicates

that integrals of this form converge so S(o0) < oo.

Application of the “Stochastic Stability Theorem” indicates that noise-
induced stabilization does not occur when r > 0 and p < 4. The sim-
plification of proofs indicates that noise-induced stabilization also does
not occur when —r >0 and —p < 5.

Non-Critical Case 3: Assume r > 0 and £ < p < 0. It follows from
the assumptions that k£ = ¢ — 2p < 0 which implies % < 0. The expo-
nential decay term exp|ky| bounds exp [ 2 exp [k‘yH between exp [fg—’"k}

a2k
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and 1 which allows for the following comparison of to a smaller
magnitude integral:

o0

1
M(OO)Zcﬂ_cl : exp{

2r

— | exp|—2py|dy.

e k:} p[—2py]dy

Since —2p is a non-negative constant, it must be the case that exp[—2py|
1 on the interval which allows for the second comparison

1 2r >
M(o0) =2 ——exp {%1 /1 dy

a=Ccq

where is being compared to an even smaller magnitude integral
which diverges. Therefore, |M(c0)| = 0.

Application of the “Stochastic Stability Theorem” indicates that noise-
induced stabilization does not occur when r > 0 and 2 < p < 0. The
simplification of proof indicates that noise-induced stabilization does
not occur when —r > 0 and %‘1 < —p < 0 which can also be stated as
when r <0 and £ >p > 0.

Critical Case: Assume g = 2p so k = 0 and consider when = > 1.
Then the s(x) term takes the form

o e
s(x) = exp _27‘ exp[O]dz]
L a” 1

[—2r
= exp ?(x — 1)}
_27“} {—2T1’:|
= exp | — | exp 5
La a

so then the S(x) term takes the form

2r r —2ry
S(z) = exp {E] /1 exp [ e } dy
B 2_7" —a? —2rx B —2r
= exp ol v exp 2 exp v

—a? 2r —2rx n a?
= ——¢exXp | —| ex —
2r p a? P a?

v
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Considering when r < 0 and setting x = oo gives

—a? — 2
S(00) = —aexp {%} exp { ZTOO} + o

2r a? a? 2r
a’ _
= — <00

2r
The “Stochastic Stability Theorem” indicates that noise-induced sta-
bilization does not occur when r < 0 and p = £. The simplification
of proof indicates that noise-induced stabilization also does not occur
when —r < 0 and p = 1. O

The general exponential stabilization theorem shows that sufficiently
large exponential growth can stabilize any exponential drift coefficient.
Recognizing the difference between the drift coefficient experiencing
exponential growth as opposed to exponential decay, the following sec-
tions consider them separately.

5.2. Exponential Growth Stabilization. In this section, stabiliza-
tion of exponential growth in the drift coefficient is considered which
means r and ¢ have the same sign.

Theorem 4. Consider the SDE dX (t) = r-exp [¢X (t)] dt+o(X (t))dB(t)

where

@ IX@™ - exp[pX (0] for sgn(r)e > 1
o(X(t) =4 a-exp[pX(t)] Jor 0 < sgn(r)z <1
a - exp [nX(t)] for sgn(r)x <0

and r,a,q,p,m,n € R. More specifically, consider when r, q and n
have the same sign and p = 4. Noise-induced stabilization occurs if
and only if r # 0, a # 0, and one of the following sets of conditions is

met:

o« m> 1, Il > g,

o m = %’ In| > |%|, and a® > 2|r|,
em >z, |n| =% and a®n <1 or

e m=13, |n| =4l <3, nda®>2r].
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Simplification of Proof: Y (t) = —X(t) must have the same exact
stability as X () since they have the same magnitude.

dY (t) = —dX(t)

—r(exp[X (1)])%dt — a|X( )" (exp[X(£)])7dB(?)
for sgn(r) X (t) >

—r(exp[X(#)])?dt — a(eXP[X(t)])de(t)

for 0 < sgn(r)X(t) <

—r(exp[X(1)])%dt — a(eXp[X(t)])”dB(t)

| for sgn(r)X(t) <

'—T(exp[—y(t)])th—ﬂ Y(0)[™(exp[=Y (1)])PdB(t)
for sgn(r) — Y (t) > 1

—r(exp[=Y(#)])%dt — G(GXP[ Y(0)])rdB(1)
for 0 <sgn(r) —Y(t) <

—r(exp[=Y (£)])*dt — a(exp[ Y(6))"dB(t)

| for sgn(r) =Y () < -1

(—r(explY (1)) "dt — aly( )" (explY (1)) PdB(t)
for sgn(—r)Y (t) >

—r(explY ()])~9dt — @(eXP[Y(t)])_de(t)
for 0 < sgn(—r)Y(t) <1

—r(explY (1)])~%dt — a(exp[Y(t)])_”dB(t)

| for sgn(—r)Y(t) <

Hence, the stability of X(¢) with —r —q, m, —a, —p, and —n must
be equivalent to the stability with r, ¢, a, m, p, and n. Thus, when
proving Theorem 3, it suffices to just prove the case with r» > 0.

Proof. The “Stochastic Stability Theorem” will be used to show the

conditions for noise-induced stabilization.
With £ =1 and r > 0, the s(x) term takes the form
exp [~ [ 272mdz] for z > 1
s(@) = exp [—f Lexp[(q —2n) ]dz] for v < —1

where the integration depends on the value of m.
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Non-Crritical Case: Assuming m # % and n # 1 gives

exp -az(ﬁgm) (z172m — 1)} for z > 1
o) = exp -Wzn)(exp[(q — 2n)x] — exp[2n — q]} for z < —1
exp %} exp [% : xl_zk] for z > 1
B exp -%ﬁ)—'ﬂ] exp [GQ(q o) expl(q — 2n)z ]} for v < —1
c1 exp CLQ(I—ng) -xl_zm] for x > 1

9 €Xp aQ(q o expl(q — 2n)z ]} for v < -1
and

c1 f; exp [ﬁ(;—fgm) ~y1*2m] dy forz > 1

S(x) = .
co [, exp [Wzgn) expl(q — 2n)y]} dy forx < —1

—2r exp[2n—¢]

el ] Evaluation of

where ¢, = exp [%} and co = exp [

the m(z) term gives

(2) 011(12 x ™2™ exp [ (2_T2m) cpTIm me} forz > 1
m(z) =
CQGQ exp [ag(;r%) exp((qg — 2n)z] — 2nx] for v < —1
and
PR o oy =2yl dy fora > 1
€Tr) =

ez o exp [Wiiq) expl(qg — 2n)y] — 2ny} dy forz < —1.

Letting x = oo gives



NOISE-INDUCED STABILIZATION 31

Likewise, letting x = —o0 gives

S(-oc)=ca [ e [ﬁ expl(g - 2n>yl} dy

=—c /_1Z exp {Q—T) expl(q — 2n)y]] dy

o0 a2(2n -9

— e /;O exp {% exp[(2n — Q)y]} dy  (19)

and
M(—o0) = — [ exp {i expl(q — 2n)y] — 2ny] dy
c2a? J_, a’(2n — q)
—
= _é - exp {(H(T%;q) exp|(qg — 2n)y] — Qny} dy
1 o —2r

(20)

Non-Critical Case 1: Assume r > 0, ¢ > 0, n > 0, and m > % and
n > 1. The integral in takes the form [ exp[cy”]dy where ¢ =
ag(l_—fgm) is a positive constant so the integral must diverge by Lemma
. Therefore, S(00) = co. Since m > %, then 1 — 2m < 0 so the term

2r 2r . l=2m
a?(1—2m) a?(1—2m) Yy

1. This allows for the following comparison of (18] to the smaller
magnitude integral:

M (o0) < L exp {%} /gwy‘Qmexp[—pr]‘

c1a? 1—-2m

The exponential decay term exp[—2py]| allows for the further compari-
son of to an even smaller magnitude integral:

1 2r &0
M < — S —2m .
(00) < cia? eXP [a2(1 — 2m)} /@ y y

Once again, since m > %, it must be the case that this final integral
converges. Therefore, |M(c0)| < oco. The conditions for x < —1 are
the same as for Case 1 of the general exponential theorem. Therefore,
S(—o0) = —oo and |M(—o0)| < oco. Application of the “Stochastic
Stability Theorem” indicates that noise-induced stabilization occurs
whenr > 0,q > 0, m > % and n > . The proof simplification indicates
that stabilization also occurs when —r > 0, —¢ > 0, m > %, and —n >

-4
5 -

y'~?™ bounds exp [ ' yl_Qm} between exp [ ] and
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Non-Critical Case 2: Assume r > 0, ¢ > 0, and m < % Then the

integral in takes the form [ explcy”]dy where ¢ = CLZ(I—E;m) is
a negative constant and n = 1 — 2m is a positive constant. Then
Lemma (1| indicates that integrals of this form converge so S(00) < o0
and noise-induced stabilization does not occur when r > 0, ¢ > 0, and
m < % Then the proof simplification allows for the conclusion that
noise-induced stabilization also does not occur when —r > 0, —g > 0,

and m < %

Non-Critical Case 3: Assume r > 0 and 0 < n < . Tt follows from
the assumption that 2n — ¢ is a negative constant. Therefore, the
exponential decay term exp[(2n — q)y] bounds the exponential term

exp Lﬂ(;n—%;q) exp|(2n — Q)y]}

#ﬁr_q)] (upper bound) and 1 lower bound on the interval

between exp [
from 1 to oo. This fact allows for the following comparison of

1 [e.@]
M(—o0) < ——— exp 2ny| d
(—o0) < ot |, xp [2ny] dy

The integral is compared to has the form floo explcy”|dy where
¢ = 2n and n = 1. Then Lemma [I| indicates that integrals of this
form diverge so |M(—o0)| = oo and noise-induced stabilization does
not occur when 7 > 0 and 0 < n < Z. Additionally, the proof simpli-
fication indicates that noise-induced stabilization also does not occur
when —r >0 and 0 < —n < L.
Critical Case: Now, considering when m = % and = > 1, the s(x)
term takes the form

_2 T
S(.CE) = exXp |:a—2r/ 21d2:|
1

~ exp [‘a—zr ln(x)}

:l‘uQ

and then
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Evaluation of m(x) gives

and

S(o0) = / Ty dy (21)
and

M(o0) = ~ / "y exp[—2py)dy. (22)

Critical Case 1: Assume r > 0, m = %, n > 2 >0, and a? > 2r.
Once again, the conditions for x < —1 are the same as for Case 1 of
the previous theorem. Therefore, S(—o0) = —oo0 and |M(—o00)| < 0.
The assumption that a®> > 2r is equivalent to the assumption that

=% > —1. Then the integral in diverges and S(oc0) = oco. The

assumptions also imply that 2—’; —1<0. Then y%fl < 1 on the interval
which allows for the following comparison of to a larger magnitude
integral.

(o.9)
M (oo) < % /{Z exp[—2py|dy
The smaller magnitude integral has the form [ expley”]dy where
¢ = —2p is a negative constant and n = 1. Then Lemma [1] indicates
that integrals of this form converge so |M(c0)| < oco. Application of
the “Stochastic Stability Theorem” indicates that noise-induced stabi-
lization occurs when r > 0, m = %, n> 2 >0, and a®? > 2r. The proof
simplification further concludes that stabilization also occurs —r > 0,
m=3, —n>31>0,and a* > —2r.

Critical Case 2: Assume r > 0, m = %, and a? < 2r. It follows from
the assumptions that —3= < —1. Therefore, the integral contained in
converges. So S(00) = oo and noise-induced stabilization does not
occur when r > 0, m = %, and a? < 2r. The proof simplification indi-
cates that noise-induced stabilization also does not occur when —r > 0,

m = %, and a® < —2r.

—2r
2
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Semi-Critical Case: Consider when r > 0 and n = . Then for » < —1,
the s(x) term takes the form

—2r [*
s(z) = exp {7 /_1 dz}
2r —2r
= exXp ? exp ?ZE s

2r v —2r
S(z) = exp {;} /1 exp {?y} dy.

Evaluation of the m(z) term gives

i) = S [ 2] o (2 - 20) ]

and

and
1 —2r| [* 2r
M(z) = 3 OXP {? /_lexp KE — Qn) y] dy.
Setting x = —oo gives
[2r] [ 2r
S(—00) = —exp | exp | —y| dy. (23)
a?] )y a
and
1 —2r] [* 2r
M(—o0) = — 3 OXP [? /1 exp {(Qn — E) y} dy. (24)

Semi-Critical Case 1: Assumer > 0, m > %, n =12 >0and a’n <r. It
was proven in Non-Critical Case 1 that S(o0) = oo and |M(c0)| < oo
under these conditions. The integral in has the form | 100 explcy™]dy
where ¢ = 2—2 is positive and n = 1. Then Lemmaindicates that inte-
grals of this form diverge. Therefore, S(—o00) = —oo. The assumption
that a®n < r is equivalent to the assumption that 2n — 2—;’ < 0. There-
fore, the integral contained in takes the form floo explcy™]dy where
c=2n— % is a negative constant and n = 1. Then Lemma |l|indicates
that integrals of this form converge so |M(c0)| < oco. Application of
the “Stochastic Stability Theorem indicates that noise-induced stabi-
lization occurs when r > 0, m > %, n=2>0and a’n < r. The proof
simplification allows for the conclusion that stabilization also occurs
when —r > 0, m > %, and —n > 5 >0, and —a*n <.

Semi-Critical Case 2: Assume r > 0, m = %, 0<n=1c< %,
and a* > 2r. It was proven in Critical Case 1 that S(oc0) = oo and
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|M(00)| < oo under these conditions. It was proven in Semi-Critical
Case 1 that S(—o0) = —oo under these conditions. Since a* > 2r, it
must be the case that % < 1. Then the assumption that n < % implies
2n— 2; < 0. The integral contained in has the form [, exp[cy™]dy
where ¢ = 2n — % is negative and n — 1. Then Lemma [l|indicates that
integrals of this form converge. Therefore |M(—o0)| < oo and the
“Stochastic Stability Theorem” indicates that noise-induced stabiliza-
tion occurs when r > 0, m = %, 0<n=1c< %, and a®> > 2r. The
proof simplification allows for the conclusion that stabilization also oc-
curs when —r >0, m=3,0< —n=3L <1 and a® > —2r

Semi-Critical Case 3: Assume r > 0, n = £ > 0 and a*n > r.
Then 2n — 2—’2" > 0. The integral contained in takes the form
[ expley™]dy where ¢ = 2n — 2% > 0. Then Lemma (1| indicates that
integrals of this form diverge so |M(—o00)| = oo and noise-induced sta-
bilization does not occur when r > 0, n = % > 0 and a?>n > r. Then
the proof simplification indicates that stabilization also does not occur

when —r >0, —n = 5! > 0, and —a*n > —r.

Semi-Critical Case 4: Assume r > 0, m = a®> > 2r, and % <
n = %. It follows that % < 1 and since n > 3, it must be the case
that 2n — 2% > 0. Since takes the form [ exp[cy”]dy where
c=2n— 3—2 > 0, the integral must diverge by Lemma . Therefore,
noise-induced stabilization must not occur when r» > 0, m = %, a? > 2r,
and % < n = . Then stabilization also does not occur when —r > 0,

m:%,a22—2r,and%§—n:%q. O

1
29
1

The exponential growth theorem expands on the general exponen-
tial theorem by defining the noise coefficient piece-wise and therefore
allowing for the critical case where p = 1.

5.3. Exponential Decay Stabilization. In this section, stabilization
of exponential decay in the drift coefficient is considered which means
r and ¢ have the opposite sign.

Theorem 5. Consider the SDE dX (t) = r-exp [¢X (t)] dt+a-| X (t)|PdB(t)
where v and q have opposite signs. Noise-induced stabilization occurs
if and only if r #0, a # 0, and p > %

Proof. The “Stochastic Stability Theorem” will be used to show under
what conditions noise-induced stabilization occurs.
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Simplification of Proof: Y (t) = —X (t) must have the same exact sta-
bility as X () since they have the same magnitude.

dY (t) = —dX(t)
= —r(exp[X (¢)])?dt — a| X (t)|PdB(t)
= —r(exp[-Y (t)])%dt — a|-Y (t)[PdB(t)
— —r(explY (1)) "dt — alY (1)PdB (1)
Hence, the stability of X (¢) with —r, —¢, —a, and p must be equivalent

to the stability with r, ¢, p, and a. Thus, when proving Theorem 3, it
suffices to just prove the case with r > 0.

The s(x) term takes the form

o(z) = exp [_—27" fl‘r 272 exp[qz]dz} for x > 1
exp [_—27" JE(=2)% exp[qz]dz} for v < —1
and
e [Texp [ [) =% eXp [qz]d=] dy forz > 1
()= ffl exp |:a_2 ffl —z)7% exp[qz]dz} dy for z < —1.

The m(x) term then takes the form

m(z) = ai?x_% exXp [?Tg f{r Z7% eXP[qZ]dZ} for x > 1
a—lg(—x)ﬂp exp [2—; ffl(—z)*Qp exp[qz]dz] for v < —1
and
Mz) = a% flir Yy~ 2P exp [21 fly 2P exp[qz]dz} dy for x > 1
o J5 (=y) 7P exp [ L= exp[QZ]dz] dy for x < —1.

If x = oo, then

S(o0) = /1 " exp [J /1 D exp[qz]dz} dy (25)
and

M(oo) = - /1 Ty exp b /1 Y exp[qz]dz} g, (26)
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If x = —o0, then

S(—o0) = /_OO exp {_a—zf /y(—2)2p eXP[qZ]dZ] dy

1 -1

o 2r (Y,
=— exp | — | 2 Pexp|—qzldz|dy (27)
1 a1

M(—o0)= = [y esp {2— [ exp[qz]dz} dy

a? | a? |,
[~ . —2r (Y
=—— “Pexp | —— 27 expl—qz|dz| d 28
o e | [ renladis| ar - 2s)
Case 1: Assumer > 0,9 <0, p > % Then ;—22’" is a negative constant

and since explgz| is an exponential decay term, the following compari-
son of can be made:

o —2r (Y
S(o0) > / exp {—2/ Z_de2’:| dy
1 a” J1

With the assumption that p > %, the comparison takes the form

Now the integral takes the form [ explcy”]dy where ¢ = ng) is a
positive constant. Then Lemma [I| indicates that integrals of this form
diverge so S(0c0) = oco. Since 2—; > 0 and exp[—qy] is an exponential

growth term, the following comparison holds for :

o 2r (Y _,
S(—o0) < — exp | — [ 2 Pdz| dy
1 as Ji

—2r o0 or 1-2p
- - - d
P [am—zp)]/l P L?(l—zmy ] Y

The final comparison integral takes the form floo exp|cy™]dy where ¢ =
ﬁ is a negative constant and n = 1 — 2p is a negative constant.
Then Lemmall|indicates that integrals of this form diverge so S(—o0) =
—o00. Using the fact that 2—2 > 0 and exp|gz| is an exponential decay
term, the following comparison of (26| can be made:

1 [ 2r [Y

— y %P exp {—2/ zdez} dy

a” 1 a” J1

1 —2r & o 2r -2
=— — — dy.
a2 P la?(l—%)M v Lﬂ(l—zmy Y

M(e0)

IN
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The exponential term

2r

1-2p
2(1—2p)” }

must be less than or equal to 1 on the interval which allows for the
following comparison of :

1 —2r o
< = _— 2P dy.
M) < oo g | [ v

exp {

This final integral must converge since —2p must be less than —1.
Therefore, |M(co)| < co. Once again using the fact that =3 is a
negative constant and exp[—gqz] is an exponential growth term, the

following comparison of can be made:

1 [ —2 Y
M(—o0) > Y~ exp [—;/ z_QPdZ} dy
a® )1

a? Jy

1 2r e _ap —2r 1-2p
= —— — — = dy.
a2 P [a?(l - 2p>] / yoew Lﬂu o) |

Now, the exponential term

g

is bounded between exp [TQ—T%)} (upper bound) and 1 (lower bound)

due to 1 — 2p being a negative power. This allows for the following
comparison:

a
1>
=—7/1y%@
as J1
> —00

Once again, this final integral must converge since —2p is strictly less
than —1. Therefore, |M(—o0)| < oco. Application of the “Stochastic
Stability Theorem” indicates that noise-induced stabilization occurs
whenr > 0,q¢ <0, p > % Then stabilization also occurs when —r > 0,
—q < 0, andp>%.

Case 2: Assume r >0, g <0, p < % Since % is a positive constant,
and exp[qz] is an exponential decay term, the following comparison of
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holds:

1 [ 2 Y
M(o0) > Y~ exp [—2/ z_2pdz} dy
a1

a? J,

1 —2r * g 2r 1-2p
= = S dy.
a2 P L?(l—zp)M voor {a2<1—2p>y Y

Since p < %, the constant must be positive so that the expo-

2r
a%(1-2p)
nential term
2r

1-2p
exp | ————
P [a2(1 —2p)” }
is greater than or equal to 1 on the interval. This fact allows for the
additional comparison of to an even smaller magnitude integral:
1 —2r >
M(x) > —exp | ——— 2y
()2 o |2 | [
Since —2p > —1, this final integral must diverge. Therefore, | M (0c0)| =
oo and noise-induced stabilization does not occur when r» > 0, ¢ < 0,
p < % Then it also does not occur when —r > 0, —¢ < 0, and
p<3. O
The exponential decay theorem shows that an exponential noise-
coefficient is not required for stabilization of all exponential drift coef-
ficients. In this theorem, a power noise coefficient was used to stabilize
the exponential decay term.

6. LOGARITHMIC FUNCTION STABILIZATION

In this section we will investigate the stabilization of the ODE

dX(t) = r{n(|X (t)])]"dt,
where r and ¢ are real numbers with ¢ > 0. This ODE is unstable if
and only if r # 0.

Theorem 6. Consider the SDE
alX (@)™ [In(| X (t)|)]PdB(t) for x > 2

dX(t) = rin(|X (0)])]"dt + {a(?m)[ln(Q)]de(t) for x <2

where r,a,q,p, and m are real numbers and q,p, m > 0. Noise-induced
stabilization occurs if and only if the ODE is unstable, and one of the
following conditions is met:

1
e m>y3,
_ 1 q+1
om—% andp>z, or
— _q 2
e m =3 and p = L= and a’q > 2|r|.
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LIX® = (X @) + 1t :C[X(f,)]% In (| X (2)| + 1)dB(#) SX@OI (X)) + 1)dBE)

45 i 45 1 a5

\;?25 B ;25 1 *;:/25
20 — 20 1 20
15 — 15 1 15
10 g 10 1 10
5 5
M;,M
% 5 10 % 5 10 10
& t
Unstable ODE Unstable SDE Stable SDE

F1GURE 4. This image depicts an unstable logarithmic
ODE that is stabilized with the sufficient amount of
noise.

Figure {4 shows three separate graphs depicting the phenomenon of
noise-induced stabilization. The graph on the far left shows an ODE
that diverges off to infinity for all positive initial values; therefore,
the ODE is unstable. The middle graph depicts the noise value of
[X ()] In(|X (¢)|+1)dB(t) added to the previously unstable ODE. This
specific amount of noise added does not stabilize the system as m < 12.
The final image depicts X (¢) In(| X (¢)|+1) added to the unstable ODE.
It can be seen that the SDE converges. This occurs since m > %

Proof. For this SDE we are looking at b(z) = rln(|z|)? and o(z) =
alz|™In(|z|)? where r > 0. Assume there exists some bound ¢ such
that o(z) is not undefined, then by the Stochastic Stability Theorem

z  —2rin(|z|
S(x) B €exXp ff WdZ} for x >/
- —27In(|z]

T
exp ffg WdZ} for x < —£.

After further simplification,

exp | [, %dz] for x > ¢
8(1’) = 2rIn(|2])9—2P (29)
exp | [7, Wdz} for x < —/.

In order to find where noise-induced stabilization will occur, we must
separate the value of m into three different possibilities: m > %, m < %,
and m = %

Case 1: m > %
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To show that when m > % all values of r,a, q,p, and m there is noise-
induced stabilization we want s(z) to be greater than or equal to some
integral that diverges. Since In(|z|) > In(2) for z > 2. Thus,

exp | [, iy dz} for x > ¢

VA a2|z|2m
S(x) = z —2rIn(2)(a—2p)
CXP 1) Wdz for x < —¢.
After integrating,

_or1n(2)(a—2p) | 5|(—2m+1) | ¥
b [ (a)Q(—2m|+|1) , for x > /¢

S(I) 2 —2r1n(2)(q*2p)‘z|(72m+1> T

P a?(—2m+1) , for x < —¢
— 2 1n(2)(a—2p) | | (—2m+1)
c1exp (a)2(—2m‘+|1) for z > ¢
- —2r1n(2)(q—2p)‘m|(—2m+1) (30)

2 €xXp a?(—2m+1) for v < —¢

and _ _

exp 27 In(2)(3=2P) ¢ (—2m+1)
a2(—2m+1)
for x > ¢
cra2z2m In(|z])2P
m(a’:> S _27‘1n(2)(‘1*2p)‘z‘(72m+1)' (31)
exp a2 (am D)

for x < —/

T cza2z?m In(|z|)2P

2rn(2)(a=20) ¢ (—2m+1) 2rn(2)(a=2p)| g2t D
where ¢; = exp 2 (—2m+1) and ¢y = exp a2(—2m+1) :

First assume ¢ — 2p < 0. Using and we know

>
S(o00) > /e 1 €xp [ om0 dy,

o 1n(2)(q72p) ly| (—2m+1)
oo €Xp a?(—2m+1)

M < d
<°°)—/e P (Y

-0 —r 1n(2)(q72p)|y|(72m+1)
S(—o0) > /—e Co €XP { A—2m+ 1) dy, and

2r In(2)(4=2P) |y | (—2m+1) i|
d

M(—00) < /°° exp [ Z(—2m+1)
) coa?y®™ In([yl)?

Y.

Looking at S(0o) using Lemma/[l|allows us to conclude that S(c0) > .
For M (o0) the exponential will converge since the coefficient is nega-
tive; therefore, as a whole M (00) < oo. For S(—o00) the largest value
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the exponential function can be is 1; therefore, S(—oc0) > — f::; cody,
which equals —oo. From this it can be concluded that S(—o0) is infi-
nite. Then M (—o00) < oo since the exponential function is converging
from its coefficient being negative. Now assume ¢ — 2p > 0. To show
s(z) is greater than something that diverges we use the comparison
In(|2])4=2% < |z|™ 2. Then,

1
z —2r|z|(m~2)
exXp ff Wdz forx >/

s(z) >

1
T —92 (m—3)
exp | [, ;‘QZ‘LWCZZ for x < —/,

which simplifies to

exp | [} W%dz for x > ¢
sw={
exp | [7, M—i’;%)m for z < —£.
Then,
- x
_2T|Z|<*m+%)
exXp m for x > 14
s(z) > - . &
-2 —mT35
exp a;nl(zfl—'er%) for x < —/
L —L
—or|z|-m* D)
C1 €eXp m for x >/
2
= 32
—2r|z\(_m+%) ( )
Co €XP T2(—mil) for v < —/
2
and
'2r|z|(—m+%)'
exp 5, 1,
a (—m+§)
for x > ¢
ci1a?|z|?™ In(|z|)2P
m(:c) < ! "2J|z|(77£‘+|%))' (33)
exp | T ——1—
a“(—m+35)
= for z < —¢

c2a2[z[7 In([z[)2P
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(—=m+3)
where ¢; = exp li;ﬁ'Tf)} and ¢; = exp {2”2([—%] Using (3
2

and , and the Stochastic Stability Theorem it can be proven that

0 9|y M)
S(c0) > / 1 €xp [L dy,
¢

a?(—-m+ 3)

2r|y|( m+§):|

o0 eXp{a( m+1)
|M(oo>|§/l

cra?ly[>m In([y|)*

dy,

dy, and

> —2r|y| )
S(—o0 >/ CoeXp | —————
( ) = » 2 P[a2(_m+%)

2rfy| "3 )}

Moo < [ exp[ i

¢ ca®lyPmin(ly[)?

dy.

When evaluating S(oo) the coefficient in the exponential is positive;
therefore, by the integral comparison test it can be concluded that
S(00) diverges. For M(oo) the coefficient of the exponential function
is negative, which causes it to converge. Since the exponential is con-
verging, and m and p > 0, then the integral as a whole is also converg-
ing. In conclusion, M(00) < co. As for S(— ) the smallest value the
exponential function can be is 1; therefore S(—oc) > — f cody. This
integral diverges to —oo, thus S(—o0) > —o0. For sumlar reasons as
M (o00), M(—o0) converges as well. Finally, assume ¢ — 2p = 0 when
m > % Then,

exp ff Tﬁgmdz} forx >/

s(z) =

exp | 7, a2|’j§m dz] for x < —¢

After integrating, it can be said that

r T
) (—2m+1)
exp % ] for x > ¢
s(z) = - &
—2r|z|(—2m+1)
exp m fOI‘ T < —/
L -/




44 ALLEN, GEBHARDT, KLUBALL, KOLBA

—2r|g|(=2m+1)

C1 exp m forx > /¢
- —2r|z|(=2m+D) (34)
Co €XP m for x < —¢
and
exp [ 27| (=2m+1)]
a2(—2m+1)
for x > ¢
— } cia?[z[*™ In(|x])?P
m(l’) - -2T|z|(—2m+1)- (35)
€Xp a2 —2m—+1
( ) for x < —4,

cza?[a P In([2])?P
_op|g|(—2m oy _g|(—2m+D) )
where ¢, = exp %] and ¢, = exp [M—WFJ} Again,
using and (35]), and the Stochastic Stability Theorem it can be
determined that

o0 _2r|y|(—2m+1)
frnd _— d
S(eo) /e P [aQ(—2m+1) Y

2r\y|<-2m+l>}

oo €Xp |:a2(72m+1)
M (00)| = /

cra®y>™ In(|y|)?

Y

zrly‘(72m+1) ]

—oo eXP [—QQ(_Zm_H)
M(—o0 :/ Y.
M=)l = | Py

When evaluating the integral of S(oc), Lemma (1| says since the coef-
ficient of the exponential function is positive, S(co) is infinite. The
coefficient of the exponential function for M (c0) is negative; therefore,
the exponential function will converge. Since m and p are positive,
and the exponential function is converging, the integral of those func-
tions will converge as well. Thus, M(co) < oo. As for S(—o0), the

—0 g (—2m+1) —0 —opy(—2m+1) . :
S coexp [6122(?4_2—77%} dy = — [ coexp [aZQ(y_Z—M} dy, which di-
verges to negative infinity. Therefore, S(—o0) = —oo. From M (c0)

it is already known that the function in M (—o0) is converging. Thus,
| M (—00)| < 0.

In summary, when m > % we found that noise-induced stabilization
always occurs.
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Case 2: m < %
Looking back at , in order to show that noise-induced stabilization

does not occur for m < %, s(z) must be less than or equal to some

function that converges. In this case, we use the comparison In(2)?7% <
In(|z])?% for z > 2 to show

x —2rIn(2)(a—2p) d
YA a2|2|2m

—9r1n(2)(@—2p)
exp | [7, %dz] for z < —4.

exp for x > ¢

s(x

After integration,

[ €T
_27,111(2)((],21,) z|(72m+1)
eXp a2(—2m‘+1) for x > ¢
s(x) < R 0
—2r In(2)(a—2p) |z|(—2m+1)
eXp (al(fzml) ] for x < —/4
- —¢
—9r In(2)(a—2p) | x| (—2m+1)
C1 exp (a)2(72m|+\1) for > ¢
= —2r1n(2)(@—2p) |g|(~2m+1) (36)
Co XD pET for © < —/
and
exp [ 2r In(2)(4=2P) || (=2m+1) ]
aZ(—2m+1)
(z) > R (e forz >4
T = 27 In(2)(3—2P) ¢ (—2m+1)
exp Z(amt )
for x < —¢

caa?|z[>™ In(|x)?P

n - —2m r1n - _p|(—2m+1)
where e = exp [T and o = exp [T
First suppose ¢ — 2p > 0, then referring back to (36)) can be said that

oo _27” 1n(2)(q_2p)|y’(_2m+1)
S < d
(00) < /Z “ eXp{ a2(—2m + 1)

Using Lemma , S(c0) is less than or equal to a converging integral;
therefore, noise-induced stabilization does not occur for m < % when
q—2p > 0. Now assume ¢—2p < 0. Using the comparison In(|z|)72F <

1
2|

)
T 72r|z|(m7%)

exp fZ Wdz for x >/

s(z) <

1
Tz =2 (m_f)
exp | [, %dz for x < —¢.
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Which simplifies to

x 9
exp fz mdz for x > ¢
s(z) <
exp | [* E’—z”)dz for z < —¢.

a2|z| (™t

After integration,

B €T
1
—2r|z|(-t2)
XD | D) for o > ¢
s(z) < - . &
—2r|z|' T2 .
eXP |~ Cmi Dy for z < -4
L —r
1
72r|z|(7m+7)
CLEXP | —5 Ty for x > ¢
< (37)
coexp | 2L T2 for o < —0
2P T e D)
1 1
_ ore|(—m+32) _ 2r|—¢| ") .
where ¢; = exp | 5r—- E— and ¢; = exp | 5 —T1 D | Then using

it can be shown that

o0 9|yt )
s v 2280
¢

dy.
a2(—m+§) J

Lemma [1| allows us to conclude that this equation is finite; therefore,
S(o0) is less than a finite number. From the stochastic stability the-
orem, since S(o0) < oo then the SDE is unstable. Finally, suppose
q — 2p = 0. Looking back at it can be said that

exp | [, ag‘jgm dz} for x > ¢

s(x) =
(@) exp fe 2|2T dz] for x < —¢

2‘27"

After integration,

B T
72r\z|(*2m+1)
exp m fOI' T > g
s(z) = - &
—9 (—2m+1)
exp % ] fOI' T < —g
L —L
—27"|:c|(’2m+1)
_Jaep | ey for x >/ -
- _2T|x|(727n+1) ( )
Co €XP for x < —/

a?(—2m+1)
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2 (=2
@(amry | and c2 = exp

S(00) it can be determined that
2T|y| —2m+1)
57 o 1 1\ | Y

S(o0) = /z 1 exp 2(—2m 1)

which is a finite integral. Therefore, S(c0) < oo and noise-induced
stabilization does not occur for m < % when ¢ — 2p = 0. Furthermore,
when m < 3, it can be concluded from these integrations that noise-
induced Stablhzation never occurs.

2T|—Z‘(_2m+1)

where ¢; = exp [ Tzt

] . Investigating

Case 3: m = %
Referring back to when m = %

S(:c) = X 727" ff Wdz} forx >/
exp | 2 ), WdZ] for z < —¢

In order to solve this equation a u-substitution must be used. Let

1
w=1In(|z]) and du= ﬂdz (39)
z
then,
—9r rIn(|z
exp | =3 ln((|‘€|)| o qdu} for z > /¢
s(w) = —2r pIn(le])
eXP | 23 Jin(|—r)) 72" L_du| forx< —(
After integrating,
_ In(|z)
exp gf&“_q—;fl; } for x > ¢
s(z) = In(|£])
_opya—2pt1 | (D) ¢ 0
exp | 55— or x < —
o G V)
C1 exp % for x > ¢
- 2 In(|a])7-20+1 (40)
Co €XD W for x < —/
d
an p'zrln(\x\)q*ZPH_
P a2 (g—2pt1)
for x > ¢
cia?|z|In(|x])2
(0) = gt (1)
oz il) for x < —¢

coa?[a[ ()%

27 In(|¢])a—2p+1 27 In(]—¢])2—2P+1
a?(g—2p+1) a?(q—2p+1)

tinue investigating the stabilization of the SDE next we will look at

where ¢; = exp [ } and ¢y = exp [ . To con-
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S(00), M(00), S(—o0), and M(—o0). In order to integrate these equa-
tions we must separate this into three different values of ¢ — 2p + 1.
First, assume that ¢ —2p + 1 > 0.

oo _ q—2p+1
S(o0) = /z ¢y €Xp { 2rIn(ly) } dy

a’(q—2p+1)

< 00

Since S(oo) is finite when ¢ — 2p + 1 > 0, by Lemma [ then by
the stochastic stability theorem there is no noise-induced stabilization.
Now, assume that ¢ —2p + 1 < 0.

[~ —2r In(|y|)7 2+
S(o0) —/g clexpl 20— 2+ 1) dy

=0

2r 1n<|y|)q-21°+1}

M (o) / h exp[ a2l
00) =
¢ aa’yln(ly])?

</“ L
=), aay(yhz™

To solve for M(oo) we use the same u-substitution from (39)). After
doing so,
1 In(joo])

M(oo) < —— —du.
( )_61a2 m(e) WP

In order for M (c0) < oo we must have 2p > 1. Now to look at S(—o0),
and M (—o0),

e 2 In(Jy|)r-2
S( °°)‘p/? ‘beXp[ 2q-2p+1) | Y

—L —2p+1
—9r] q—2p
= —/ Co €XP { rin(Jy)) ] d

i —271 q—2p+1
= —/ Co €XP [ rIn(y) ] dy
¢

a’(q—2p+1)

= —0

2r 1n<|y|)q-21°+1}

> eXp[ % (q—2p+1)
M(—o0 :/
(=)= |, oy

IN

[ o
o cazyn(fy))> "
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Using we know that

1 In(|—=oel) ¢
0% Jin(-gy U

With the absolute values around the negative numbers, M(—o0) =
M (00); therefore, they have the same stability. Thus, when m = 3 we
find that for ¢ —2p+1 < 0, which can also be written as p > %1, noise-
induced stabilization does occur. Finally, assume that ¢g—2p+1 = 0. In
order to further investigate the stability of the SDE when ¢—2p+1 =0
we must re-evaluate to make sure the integration is not undefined.
When doing so we find

—9r rln(|z —
exp | =3 1n((\|e\)|) a 2pdu] for x > ¢

exp —27" fli?(\|zz|z| q*2pdu} for x < —/
oxp | =2 In(|z[) 14 f > /(
x| T gy wdu|  forz
exp | =2 [l 1du] forz <=L
After integrating,
r In(|z)
exp % -In(u) ( I)} for z > £
In(|¢
s(x) = . In( )qu)] for 1 < 1
oxp | =20 - In(u or xr < —
p | In(|—¢))
exp w exp MI;WD)] for 2 > ¢
- exp W exp W} for z < —£.

With cancellations between the exponentials and logarithms s(x) sim-
plifies down to

@) = cl[ln(|=%’|)]; for 2 > ¢ (42)
calln(lz])] = for z < —¢
and
[
m(z) = cra?fr] e (43)
% for o < —/,

where ¢; = [ln(|€|)]%g and ¢ = [ln(|—€|)] . After finding the values
of s(x) and m(z) the Stochastic Stability Theorem says,
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S(c0) = / " ey dy,

which diverges for any value of a # 0, and

M) - 7 UE,

01G2’y|

Using (39),

Injool) ,, 2 2
M(0) = / du.
1

2
n(lg) G

In order to get M(c0) < oo we must have 2% — 2p < —1; therefore,

a’q > 2r. Referring back to the theorem,

S(~00) = / T alin(lyl))F dy.

¢

Similarly to S(oc0), this integral goes to negative infinity for any value
of a # 0. Using for M(o0),

In(|—col) ,, 25 —2p
M (—o0) :/ —du
In(-g) €20

= M (00).

Since M (—o0) = M(oc0) then, stabilization for M (—o0) is the same as
M (o0). Thus, when m = %, and ¢ — 2p + 1 = 0 we will have noise-
induced stabilization for a’q > 2|r|.

When looking at the cases where r < 0, let Y (t) = —X(¢).Since Y (¢)
is bounded if and only if X (¢) is bounded, Y (¢) must have the exact
same stability as X (t). Suppose X (t) satisfies
dX(t) = b(X(t))dt +o(X(t))dB(t)

where b(z) = r[ln(|z])]?, o(z) = az|™In(|z|)?, and r < 0. It follows
that

dY (t) = —dX(¢)
[rIn(|X (#)[)]7dt + a| X (@)™ In(| X (8)])"d B(t)]
[r[n(] = Y(@#)P]*dt + al(=Y ()" In(|(=Y () )PdB(1)]
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Since there are absolute values within the logarithmic and power terms
the stability of X (¢) with leading coefficient —r is equivalent to its
stability with leading coefficient 7. 0

7. GENERAL NOISE MINIMUM

In this section we explore the minimum amount of noise necessary
for noise-induced stabilization to occur when the noise coefficient is not
restricted to a particular form. The definitions below characterize what
it means for a noise coefficient o(z) to be the minimum necessary to
stabilize an ODE with drift coefficient b(z).

Definition 2. Let b(z) and o(z) be continuous functions. We say that
o(x) stabilizes b(x) if the solution z(t) to the ODE

dx(t) = b(x(t))dt
is unstable, but the solution X (t) to the SDE
dX(t) = b(X(t))dt +o(X(t))dB(t)
is stable.

Definition 3. Let b(z) and o(z) be continuous functions. We say that
o(x) is the minimum noise necessary to stabilize b(x) if
(1) o(x) stabilizes b(x) and
(2) for any continuous function &(x) such that
x)

Q

lim sup
z—+o0

<1,

)

o(x
o(x) does not stabilize b(x).

Notes:

(1) The “limsup” appears above since the limit may not exist; e.g.
an oscillatory function.

(2) The minimum noise is not unique. There may be multiple func-
tions that satisfy the definition of minimum noise and for any
two of these, the limit of the absolute value of the ratio will
always be one.

Lemma 3. Let b(x) and 6(x) be continuous functions and suppose 6(x)
does not stabilize b(x). Furthermore, suppose there exists o > 0 such
that 6(x) # 0 and b(z) # 0 for all |x| > ly, and additionally that b(x)
is either strictly positive for x > €y or that b(x) is strictly negative for
x < —Ly. Then for any continuous function &(x) such that

o(x)

o(x)

lim sup
r—300

<1,
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a(x) also does not stabilize b(x).

Proof. Without loss of generality, we assume b(x) is strictly positive
for x > £y and that either S(co0) < 0o or M(co) = oo, where S(x) is
S(z) from the “Stochastic Stability Theorem” with &(x) substituted
for o(z), and likewise with M (z) (and §(z) and m(z)).

Let 6(x) be any continuous function such that

g(x)

~

o(x)
6%(x)
%()
5(x), m(z), S(x), and M(z) to be the corresponding values from the
“Stochastic Stability Theorem” with & (z) substituted for o(x).
—2b(x) —2b(x)
7% (x 7% (x
x > (, which implies 5(z) < §(z) and m(x) > m(z) for all x > ¢. Thus,
if $(00) < 00, S(00) < o0 as well, or if M(co) = co, M(c0) = 0o as
well. Therefore, (x) does not stabilize b(x).

<1.

lim sup
r—+o00

Then there exists ¢ > ¢, such that < 1 for all |z| > ¢. Define

for all

Now since b(z) > 0 for all x > ¢, then

O

Lemma 4. Let b(x) and o(z) be continuous functions. Furthermore,
suppose there exists by > 0 such that o(x) # 0 and b(x) # 0 for all
|z| > €y, and additionally that b(x) is either strictly positive for x > lq
or that b(x) is strictly negative for x < —{ly. If o(x) stabilizes b(x) and
there exists a continuous function &(x) such that

o(@)| _
o(x)|
but 6(x) does not stabilize b(x), then o(z) is the minimum noise nec-
essary to stabilize b(x).

lim sup
r—100

)

Proof. Since ¢(x) does not stabilize b(x), any continuous function &(x)

such that B
lim sup (T(m)
r—F00 O'(ZE)
also does not stabilize b(x) by Lemma
Now for any continuous function &(x),

<1

e[ = imee (565
< (s [751) - (maon Z5]) <1
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Thus, o(x) is the minimum noise necessary to stabilize b(z). O

Building upon the above definitions and lemmas, we now prove the
overall minimum noise necessary for stabilization when the drift coef-
ficient is a general power function with power ¢ > 0.

Theorem 7. Suppose b(x) = r|x|? where r # 0 and ¢ > 1. Then

a+1
o(z) = (V2[r])|=]
is the minimum noise necessary to stabilize b(x).

Proof. We know that o(x) stabilizes b(z) by the power function stabi-
lization theorem [Il Consider

5(x) = (V]| !

2
YRRy

for |z| > 2. 6(x) can be defined to be anything nonzero for |z| < 2
such that the function is continuous. Then

o(x)

()

lim sup
z—+o00

Without loss of generality, assume r > 0. Then for = > 2,

~2b(z) -1 2 \_-1 —2
o2 (x)  |a] (”m(m)) EREECDR

Thus for x > 2,

) v 9
s =ew | [ o+ pme
= exp [— In(|z|) + In(2) — 21In(In(|z])) + 21In(In(2))]
2(In(2))*
|z|(In(|z]))?

Hence,

5 * _2(In(2))?

S(o0) = / ————dr =2In(2) < 0
2 |2|(In(|z]))?

which implies that ¢(x) does not stabilize b(x). Therefore, by Lemma

M o(z) is the minimum noise necessary to stabilize b(z).
U
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Theorem 8. Consider b(x) = r|z|? where r #0 and 0 < ¢ < 1. Then

(O () il

o(z) = ~ (D
2|r| g+l 1
(V) 21 (=) forlal <2
I=amEn

is the minimum noise necessary to stabilize b(x).

Proof. By the power function stabilization theorem [I, we know that

v ]2l e
0(@—( q)||

does not stabilize b(x). Thus, by Lemma 4] it suffices to show that
o(z) does stabilize b(x).
Without loss of generality, assume r > 0. Then for z > 2,
—2b(x):—_q - 2 :—_q+ 2 '
o?(x) T In(x) x  xln(z)
Thus for z > 2,
foa 2
= — d
s(x) = exp [ L + 2In(2) Z:|
= exp [—¢In(x) + ¢In(2) + 2In(In(x)) — 21n(In(2))]

_ 29(In(a))?
1(In(2))?
Hence,
_ [~ 2¢(In(z))?
0= | e
2/ %dw
Now |

M(o0) = /:O ;828; S (1 - qlrisc)) o

g(n(2))* (= 1
= 20+1y /2 x(ln(a:))zdx

< o0 .

S(—00) = —oo and | M (—o0)| < oo since b(x) > 0 for z < 0. Therefore,
o(x) is the minimum noise necessary to stabilize b(x). O
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Note that it is still an open question whether or not an overall min-
imum noise coefficient exists for when the drift coefficient is a general
power function with ¢ < 0. The minimum noise necessary to stabilize
a polynomial of degree ¢ > 2 should be analogous to that stated in
Theorem [7] and analogous to that stated in Theorem [§] for a polyno-
mial of degree ¢ = 1. As for when the drift coefficient is an exponential
or logarithmic function, or more general, the existence of an overall
minimum noise coefficient, and its form if it exists, remains an open
problem.

8. CONCLUSION

Initially, the phenomenon of noise-induced stabilization might seem
counterintuitive; however, in this paper we have shown stabilization of
ODEs can occur with the addition of noise. In addition to stabilizing
the ODEs, we have proven the precise minimum amount of noise nec-
essary for stabilization when the drift and noise coefficients are general
power functions, polynomials, or exponential or logarithmic functions.

Furthermore, we hope our results will motivate future work in inves-
tigating other forms of the noise and drift coefficients, and finding the
precise minimum amount of noise needed to stabilize systems where
the noise coefficient is not restricted to a specific form.
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