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Abstract

An option is a security that gives the holder the right to buy or sell an asset at a specified price at
a future time. This paper focuses on deriving and testing option pricing formulas for the Heston model
[3], which describes the asset’s volatility as a stochastic process. Historical option data provides a basis
for comparing the estimated option prices from the Heston model and from the popular Black-Scholes
model. Root-mean-square error calculations find that the Heston model provides more accurate option
pricing estimates than the Black-Scholes model for our data sample.
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1 Introduction

Options are a type of financial derivative. This means that their price is not based directly on an asset’s
price. Instead, the value of an option is based on the likelihood of change in an underlying asset’s price.
More specifically, an option is a contract between a buyer and a seller. This contract gives the holder the
right but not the obligation to buy or sell an underlying asset for a specific price (strike price) within a
specific amount of time. The date at which the option expires is called the date of expiration.

Options fit into the classification of call options or put options. Call options give the holder of the option
the right to buy the specific underlying asset, whereas put options give the holder the right to sell the specific
underlying asset.

Further, within the categories of call and put options, there are both American options and European
options. American options give the holder of the option the right to exercise the option at any time before
the date of expiration. In contrast, European options give the holder of the option the right to exercise
the option only on the date of expiration. This research focuses specifically on estimating the premium of
FEuropean call options.

In general, when a party seeks to buy an option, that party can easily research the history of the asset’s
price. Furthermore, both the date of expiration and strike price are contracted within a given option.
With this, it becomes the responsibility of that party to take into consideration those known factors and
objectively evaluate the value of a given option. This value is represented monetarily through the option’s
price, or premium.

As the market for financial derivatives continues to grow, the success of option pricing models at es-
timating the value of option premiums is under examination. If a participant in the options market can
predict the value of an option before the value is set, that participant will have an advantage. Today, the
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Black-Scholes model is widely used in the asset pricing industry. Praised for its computational simplicity and
relative accuracy, it treats the volatility of an underlying asset as a constant. Stochastic volatility models,
on the other hand, allow for variation in both the asset’s price and its price volatility, or standard deviation.
This research focuses specifically on one stochastic volatility model: the Heston model [3].

This paper examines the Heston model’s success at estimating European call option premiums and
compares the estimates to those of the Black-Scholes model. Heston and Nandi [4] proposed a formula for
the valuation of a premium; their formula incorporates the characteristic function of the Heston model.
After solving for the explicit form of the Heston model’s characteristic function, we use S&P 100 data from
January 1991 to June 1997 to estimate the parameters of the Heston model’s characteristic function, which
we then use in the call pricing formula. We compare the Heston model’s estimates, the Black-Scholes model’s
estimates, and the actual premiums of option data from June 1997.

In the remainder of this paper, Section 2 focuses on determining the explicit closed form of the Heston
model’s characteristic function. In Section 3, we discretize the Heston model and employ two separate
parameter estimation methods - the method of moments and maximum likelihood estimation. We discuss
the Black-Scholes model in Section 4, as it serves as an alternate option pricing method to the Heston model.
Finally, in Section 5 we use sample data in a numerical example and evaluate the Heston model’s success at
premium estimation. Section 6 concludes by discussing our findings and suggesting topics for future research.

Due to the heavy computational nature of this research, Maple 16, R, and Microsoft Excel 2010 were all
utilized in the development of this paper.

2 The Heston Model

In 1993, Steven Heston proposed the following formulas to describe the movement of asset prices, where an
asset’s price and volatility follow random, Brownian motion processes:

dSt == ’I"Stdt + \/VtStqu (1)
AV, = k(0 — Vy)dt + o/ VedW 2)

The variables of the system are defined as follows:
e S;: the asset price at time ¢
e 7: risk-free interest rate - the theoretical interest rate on an asset that carries no risk

v/ Vi volatility (standard deviation) of the asset price

o: volatility of the volatility +/V;

e 0: long-term price variance

k: rate of reversion to the long-term price variance

dt: indefinitely small positive time increment

W1 Brownian motion of the asset price
e Ws,: Brownian motion of the asset’s price variance
e p: Correlation coeflicient for Wi, and Wo,

Given the above terms in the Heston model, it is important to note the properties of Brownian motion
as they relate to stochastic volatility. As stated in [10], Brownian motion is a random process Wy, t € [0, 7],
with the following properties:

o Wy =0.

e W, has independent movements.



e W, is continuous in t.

e The increments W; — Wy have a normal distribution with mean zero and variance |t — s|.

(Wi = W) ~ N(O, |t — )

Heston’s system utilizes the properties of a no-arbitrage martingale to model the motion of asset price
and volatility. In a martingale, the present value of a financial derivative is equal to the expected future
value of that derivative, discounted by the risk-free interest rate.

2.1 The Heston Model’s Characteristic Function

Each stochastic volatility model will have a unique characteristic function that describes the probability
density function of that model. Heston and Nandi [4] utilize the characteristic function of the Heston model
when proposing the following formula for the fair value of a European call option at time ¢, given a strike
price K, that expires at time T

1 A K" f(ip +1)
c = 5ks*(zs)JrT/O Re[w} do (3)
o (L1 [T o [ETf(i¢)
Ke Tt(2+ﬁ/0 Re[ 3 do ) .

The characteristic function for a random variable x is defined by the following equation:
[(ig) = B(e")

In equation (3), the function f(i¢) represents the characteristic function of the Heston model. Therefore,
in order to test the option pricing success of the Heston model, it is necessary to solve for the explicit form
of the characteristic function.

To find the explicit characteristic function for the Heston model, we must use Ito’s Lemma [6] - a stochastic
calculus equivalent of the chain rule. For a two variable case involving a time dependent stochastic process
of two variables, ¢ and X;, Ito’s Lemma makes the following statement:

Assume that X; satisfies the stochastic differential equation

dXt = ,U,tdt + O'tth.

If f(t,X:) is a twice differentiable scalar function, then,

(0,08 RPN 0
df(tht)_ <6t +'ut8$+ 2 8.’E2 dt‘i‘Utaxth

Since Heston’s stochastic volatility model treats ¢, X;, and V; as variables, we extend Ito’s Lemma to
three variables. Assume that we have the following system of two standard stochastic differential equations,
where f(Xy,V;,t) is a continuous, twice differentiable, scalar function:

dXt = /,Lxdt + O'xqu

AV; = podt + o, dWa

Further, let Wy; and Wo; have correlation p, where —1 < p < 1. For a function f(X;, V;,t), we wish to
find df (X¢, V4, t). Using multivariable Taylor series expansion and the properties of Ito Calculus, we find that
the derivative of a three variable function involving two stochastic processes equals the following expression:

1
GOVt) = [ pfo S+ rnoaop + 5 (fea? + fouo?)
+ [Uxfx} AWy + [vav] dWay.



The complete details of the derivation of Ito’s Lemma in three variables are available in Appendix A.

From Ito’s Lemma in three variables, we know the form of the derivative of any function of X;, V;, and ¢,
where X; and V; are governed by stochastic differential equations. The Heston model’s characteristic function
is a function of Xy, V;, and t, so Ito’s Lemma determines the form of the derivative of the characteristic
function. Further, we know that the characteristic function for a three variable stochastic process has the
following exponential affine form [5]:

F(X0, Vi t) = AT =)+ B(T—t) X +C(T—t)Vi+idp X,

Letting T' — t = 7, the explicit form of the Heston model’s characteristic function appears below. A full
derivation of the characteristic function is available in Appendix B.

flig) = eADFTBOXAC(VitioX,
ke . o
A(r) = rigr + - —(porip— k — M)r —2In (1_N>]
B(r) =0
Mr .
C(T) — (6 1)(p0’z¢ k M)
02(1 — NeMrT)
Where
M = \(poid — k)2 +02(i¢ + ¢?)
N - pmesko M
poi¢ —k+ M

In the above characteristic function for the Heston model, the variables r, o, k, p, and 8 require numerical
values in order to be used in the option pricing formula. Given an asset’s history, parameter estimation
techniques can estimate numerical values for those variables.

3 Parameter Estimation

In this section, we explain how to estimate the parameters of the Heston model from a data set of asset
prices. The first step is to discretize the Heston model. To that end, we employ Euler’s discretization method
[12]. Once the discretized model is in place, one can use data to estimate the model’s parameters.

3.1 Discretization of the Heston Model

The Heston model treats movements in the asset price as a continuous time process. Measurements of asset
prices, however, occur in discrete time. Thus, when beginning the process of estimating parameters from
the asset price data, it is crucial to obtain a discretized asset movement model.

We used the method of Euler discretization in order to discretize the Heston model. Given a stochastic

model of the form
dSt = M(St, t)dt + O'(St, t)th,

the Euler discretization of that model is
St+dt = St + /J/(St, lf)dt + O'(St, t)\/@Z,

where Z is a standard normal random variable.

Applying Euler discretization to the Heston model, we wish to discretize the system given by (1) and (2).
We will let dt = 1 to represent the one trading day between each of our asset price observations. In (1),
w(Se,t) = rS; and o (S, t) = v/V;.S;. Thus, the Euler discretized form of (1) is

Sip1 =Sy 4+ 1S, + VViS, Zs. (4)



For future simplicity in terms of parameter estimation, it is useful to model the change in asset prices

in terms of the change in asset returns, where a return is equal to Sgtl. We denote that quotient with the

notation Q41. Dividing both sides of (4) by S, the modified version of (4) is

Qi1 =1+71+ Vi Z,,

where Z; ~ N(0,1). Next, we must discretize the second system of the Heston model. In (2), let pu(V¢,t) =
k(@ —V;) and 0(V;,t) = 0+/V;. Using Euler’s discretization method, we determine that the discretized form
of the second equation is

Vipr = Vi + k(0 = Vi) + 0/ ViZ,,

where Z, ~ N(0,1). In the continuous form of the Heston model, Wi; and Wy, are two Brownian motion
processes that have correlation p. In the discrete form of the Heston model, Z; and Z, are two standard
normal random variables with that same correlation p. To conclude the discretization process, we set Z,, = Z;
and Zs = pZy ++/1 — p?Zy. Where Z;,Z5 ~ N(0,1) and are independent, we have the following discretized

system:
Qi1 =1+1r+VV; (pZ1 +4/1— p2Z2> (5)

Vier = Vi+ k(0 — V) + 0\/ViZh. (6)

3.2 Method of Moments

One parameter estimation method that we employ is the method of moments. The 4t moment of the
random variable Q11 is defined as E(Q},,). We use p1; to denote the 4" moment.
We can solve for method of moments parameter estimates according to the following process:

1. Write m moments in terms of the m parameters that we are trying to estimate.

2. Obtain sample moments from the data set. The j** sample moment, denoted fi; is obtained by raising
each observation to the power of j and taking the average of those terms. Symbolically,

N R
Mj:EZQngl'
t=1

The moments package in R calculates the sample moments with ease.

3. Substitute the j** sample moment for the j** moment in each of the m equations. That is, let = fij.
Now we have a system of m equations in m unknowns.

4. Solve for each of the m parameters. The resulting parameter values are the method of moments
estimates. We denote the method of moments estimate of a parameter o as & o -

When working with a data set of stock values, we may be given values of Sy rather than values of Q¢41.
We can easily transform the data set into values of Q141 by solving for ngtl
write five moments of Q41 in terms of the five parameters 7, k, 6, o, and p.

Letting p; represent the 4" moment of Qy1;, we express formulas for the first moment, the second
moment, the fourth moment, and the fifth moment. We have excluded the third moment because it is in
terms of only p and 6; thus, it does not add any information to the system beyond the information available

from the first two moments.

for each value of t. We wish to




mo= 1+r
po = (r+1)>+6
1

M= gy Tt + 4R 4 60 — 2kt + 6kr + 12476
+3Kk26% — 8kr3 — 12kr%0 + 4k>r + 6k%0 — 12kr?® — 24kr0
—6k0? — 3020 + k* — 8kr — 12k — 2k)

s = m(k%ﬁ + 5k2r* + 10k2r30 — 2kr® + 10k%r® + 30k%r%0

+15k%r0% — 10kr* — 20kr30 + 10k212 + 30k%r0 + 15k%62

—20kr® — 60kr20 — 30kr6? — 1510260 + 5k*r + 10k%0 — 20kr?

—60kr0 — 30k0% — 15020 + k? — 10kr — 20k0 — 2k)

The complete derivation of the moments is available in Appendix C.

Note that we only have a system of 4 equations in 4 parameters since p does not appear in any of the
given moments. We have shown that p does not appear in the formula for any of the moments up to the
seventh-order moment. We conjecture that p will not appear in any of the formulas for higher order moments.
That poses a drawback to the method of moments; however, in the Section 5, we will show that the value of
p that we use in the call pricing formula has little effect on the estimated call prices in our data sample.

To solve for the method of moments parameter estimates for r, 6, k, and o, replace u; with fi1, ps with
ﬂz, M4 with /:L4, 1255 with ﬂ5, r with TAMOM, 0 with éMO]\/[, k with ]AGMO]\/[, and o with a’]VIOM- Given the
system of equations, Maple can assist in the calculation of 7y;op, éMo M, l%Mo M, and drron-

3.3 Maximum Likelihood Estimation

The second parameter estimation method that we use is maximum likelihood estimation. Maximum likeli-
hood estimation involves optimizing the parameter estimates such that the data that we observe is the data
that we are most likely to observe.

The follow algorithm allows us to solve for maximum likelihood estimation parameter estimates:

1. Find the likelihood function of the data in our data set. The likelihood function is defined as the product
of the probability density functions of each observation of the random variable. Where L(r, k, 0, o, p) is
the likelihood function of the data and f(Qu+1, Vi41) is the joint probability density function of Q;yq

and Vii1,
n

L(Tv ka 9a g, p) = H f(QH—lv ‘/75+1 ‘T7 kv 97 ag, p)
t=1
2. For simplicity of calculation, solve for the natural logarithm of the likelihood function, denoted
U(r,k,0,0,p). Optimizing ¢(r, k,0, 0, p) is equivalent to optimizing L(r, k, 0, o, p).

K(T, k7 07 g, p) = Z 10g (f(Qt-I—lv ‘/t—&-1)|7', k7 07 a, p)
t=1

3. To optimize the parameters, take partial derivatives of £(-) with respect to each of the parameters. Set
the partial derivatives equal to 0 and solve for the maximum likelihood estimation parameter estimates.
The maximum likelihood estimate of a parameter « is denoted Gpp k.

In practice, when working with a large data set, it is ideal to use software to assist in maximum likelihood
estimation. Specifically, the nlminb function in R is capable of optimizing the log likelihood function under
parameter constraints.! As in [14], we set the constraints that r e R, k> 0,60 >0, >0, and -1 < p < 1.

Inlminb finds the parameter estimates that minimize a function. Thus, in order to perform maximum likelihood estimation,
the user must provide nlminb with the negative of the log likelihood function.



To begin the process of maximum likelihood estimation, we solve for the joint probability density function
f(Qt+41, Viy1). Recall the discretized form of the equations for Q¢4 (5) and Vi1 (6). Zs and Z,, are standard
normal random variables, so Q41 ~ N(1+7,V;) and V11 ~ N(V; + k(6 — V;), 0?V;). Further, since Z, and
Z, have correlation p, Q:+1 and Vi1 have that same correlation p. Based on those properties of ;11 and
Viit,

12
[(Qe41,Viy1) = ! p[(QtJrllT)

27701/“/1—p2€x 2Vi(1 = p?)
(Qiy1 —1=7)(Vigr =V, =0k + kV})
Vio(1 - p?)

(Vier — Vi 9k+kvt)2]
202V, (1 — p?) '

P

Since the likelihood function is

n

L(Tv ka 05 a, p) = H f(Qt-l-lv ‘/H-l |7’, k7 07 g, p)a

t=1
the log likelihood function is

n

Wk b,0,p) = (—log<2w>—1og<a>—1og<vz>—;logu—f)
t

=1
Qe —1-1)*  p(Quy1 — 1 —1)(Viga — Vi — 0k + kV3)
2Vi(1 - p?) Vio(1 = p?)
(Vi1 = Vi — Ok + EV,)?
202V (1 — p?) '

The next step is to plug stock return and asset variance values into the log likelihood function in order
to optimize the parameters. While the volatility is a latent variable, we can estimate a vector of variance
values from our data. Recall that Q;11 ~ N(1+r,V;). That signifies that V; is the variance of Q1. Thus,
in order to estimate V; for any given time ¢, we determine the variance of the values of ;41 up to and
including its value at the given time ¢.

The above process allows us to construct a data vector for values of V; and, by extension, V;11. When
substituting the log likelihood function into R, the new range of ¢ will be all values of ¢ for which we know
Qt+17 ‘/tv and ‘/t-i-l'

Once we know the log likelihood function and we have a data set with values of Q¢y1,V;, and Vi1, R
can perform the optimization that returns the five maximum likelihood parameter estimates.

4 The Black-Scholes Model

The Black-Scholes model is a mathematical model used to price European options and is one of the most
well-known and widely used option pricing models. In 1973, Fischer Black, Myron Scholes [2], and Robert
Merton [8] proposed a formula to price European options, under the assumptions that an asset’s price follows
Brownian motion but the asset’s price volatility is constant. The following formulas give the Black-Scholes
price of a call option:

C = ®(dy)S; — ®(dy)Ke "T—0
In () + (r+"§) (T —t)

d =
! oVyT —1
dg = dlfcr\/Tft.



The system’s variables are defined in the following manner:
e C': call premium
e t: current time

e T time at which option expires

S¢: stock price at time t

K: strike price

r: risk-free interest rate. We use the rate of return on three-month U.S. Treasury Bills.

o volatility of the asset’s price, given by the standard deviation of the asset’s returns
e &(.): standard normal cumulative distribution function

The Black-Scholes model is widely popular due to its simplicity and ease of calculation. The model,
however, makes a strong assumption by treating the volatility as a constant. The use of newer models that
treat the volatility as a stochastic process is growing, however, and it is possible that Heston’s stochastic
volatility model gives better option price estimates than the Black-Scholes model. Therefore, we wish to
draw a comparison between the results of the Black-Scholes model and the results of the Heston model.

5 Data Example

In order to compare the accuracy of the Heston model and the Black-Scholes model, we test out how well
they estimate the premiums of 36 call options on the S&P 100 exchange-traded fund from June 1997.

First, we must estimate the Heston model’s parameters. Utilizing both the method of moments (MOM)
and maximum likelihood estimation (MLE) detailed previously, we find two sets of parameter estimates.
The data set that we use to perform parameter estimation contains daily S&P 100 data from January 1991
to June 1997. Table 1 gives the parameter estimates that we find using both MOM and MLE estimation
methods.

Table 1: Parameter Estimates

MOM MLE
6.50 x 10~% | 6.40 x 10~*
2.00 6.57 x 1073

5.16 x 107° | 6.47 x 107°
238x 1073 | 5.09x 10°¢
NA —1.98 x 1073

|3

Since we are unable to solve for pyronr, we solve for the call estimates using 21 values of p on increments
of 0.1 between —1 and 1. For our data set, the smaller the value of p, the closer the call estimates to the
actual call data. Thus, p = —1 gives the most accurate price estimates, upon which we base our method
of moments analysis. Granted, a person who wishes to estimate the call price before it is available will not
know which value of p will give the best estimates. We find, however, that the call estimates we obtain from
using p = —1 (the best choice of p) and the call estimates we obtain from using p = 1 (the worst choice
of p) are within five cents of each other. Further, in order to measure the sensitivity of p, we compute the
values of each of the 36 call options using all 21 values of p. That gives us a set of 36 x 21 = 756 data entries
consisting of a correlation p and a call value. We find that the correlation between the values of p and the
call estimates equals —6.44 x 1072, That correlation, which is close to 0, implies that the call estimates from
our data set are not particularly sensitive to the value of p.



For the Black-Scholes model, o, the standard deviation of the daily returns for the S&P100 index for
January 27¢, 1991 through June 11%", 1997, is approximately 0.00723. Furthermore, for 7, we use the June
11, 1997 three month T-bill interest rate of 4.85% [1]. Together, those values for r and o are utilized in the
Black-Scholes formula to yield call price estimates.

Finally, we examine a set of S&P 100 call option transaction data from June 1997, the end of the time
period for which we have data on the S&P 100 index’s values. This sample of data contains options with
expiration dates that were 24 days, 87 days, and 115 days into the future. With this expiration separation,
we test the abilities of the Heston model and the Black-Scholes model to accurately estimate the premiums
of short-term, mid-term, and long-term options.

We observe the contracted strike prices and time until expiration for each of the option transactions. Then
we use our parameter estimates to estimate the premiums according to the option pricing formula in equation
(3). The option prices, Black-Scholes estimates, and Heston estimates are available in the proceeding table.

Table 2: Option Price Comparison
‘Expiration Stock Price Strike Price Actual Call Heston MOM Call> Heston MLE Call Black-Scholes Call‘

24 425.73 395 30.75 30.82 30.84 32.55
24 425.73 400 25.88 25.93 25.98 27.57
24 425.73 405 21.00 21.19 21.27 22.60
24 425.67 410 16.50 16.64 16.78 17.56
24 425.68 415 11.88 12.55 12.75 12.53
24 425.65 420 7.69 8.97 9.22 7.26
24 425.65 425 4.44 6.06 6.30 2.37
24 425.68 430 2.10 3.86 4.12 0.00
24 425.65 435 0.78 2.28 2.51 0.00
24 425.16 440 0.25 1.17 1.35 0.00
24 424.78 445 0.10 0.56 0.68 0.00
24 425.19 450 0.10 0.28 0.36 0.00
87 425.73 380 46.75 46.02 46.32 52.04
87 425.73 385 42.00 41.19 41.61 47.12
37 425.73 390 37.50 36.46 37.04 42.21
87 425.73 395 33.00 31.87 32.64 37.29
87 425.73 400 28.50 27.48 28.45 32.37
87 425.73 405 24.13 23.33 24.50 27.43
87 425.26 410 20.38 19.12 20.50 21.99
87 425.86 415 16.13 16.06 17.58 17.58
87 425.68 420 12.82 12.81 14.45 12.41
87 425.42 425 9.32 9.96 11.66 7.54
37 425.62 430 6.51 7.76 9.45 3.93
37 425.82 435 4.51 5.93 7.56 1.48
37 425.68 440 2.75 4.33 5.85 0.14
37 425.75 445 1.60 3.14 4.51 0.00
s7 425.78 450 0.85 2.22 3.41 0.00
87 425.39 455 0.44 1.47 247 0.00
115 425.73 380 47.25 46.20 46.81 54.05
115 425.73 390 38.13 36.79 37.84 44.27
115 425.73 400 29.38 28.03 29.61 34.48
115 425.73 410 21.19 20.25 22.32 24.63
115 425.41 420 13.88 13.57 15.98 14.50
115 425.63 430 8.13 8.70 11.17 6.18
115 425.28 440 3.88 5.03 7.29 1.15
115 425.13 450 1.50 2.72 4.57 0.00

To begin our analysis of the results, we visually compare the estimates to the actual call prices. We perform
a graphical comparison by separating the option transaction data into three groups organized by time until
expiration. We plot the predicted call values from the above table with respect to their strike prices. All six

2The MOM data uses a value of p = —1.



graphs containing the short-term, mid-term, and long-term estimates using the MOM and MLE parameter

estimates are displayed.
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As seen in the above graph for mid-term option call price comparison, the Heston model’s call price
estimates are closer than the Black-Scholes estimates to the observed call prices.

5.1 Root-Mean-Square Error

Root-mean-square error (RMSE) is a statistical tool used for the comparison between estimated (C;) and
observed (C;) values. Defined by the following formula, RMSE provides a quantitative measurement for the
comparison between two models. The smaller the value of RMSE, the closer the estimated values are to the

actual values.

10




For our purposes, we use the RMSE to compare the Black-Scholes model’s estimates and the Heston
model’s estimates to the actual premiums. In Table 3, we observe that the method of moments gives closer
call price estimates than maximum likelihood estimation. Regardless of parameter estimation technique,
however, the Heston model provides estimates that are closer than the Black-Scholes model’s estimates to
actual transaction data.

Table 3: Root-Mean-Square Error Results

24 days | 87 days | 115 days
Black-Scholes Model 1.28 3.11 4.12
Heston Model (MOM) | 0.968 1.08 1.05
Heston Model (MLE) 1.13 1.90 2.13

6 Conclusion

This paper provides promising results regarding the application of the Heston model to option price estima-
tion. Both visual inspection and RMSE results show that the estimates of the Heston model are closer than
the estimates of the popular Black-Scholes model to the actual call option prices in our data sample.

The results that we find in this research make us optimistic about the knowledge that could result from
further exploration of the Heston model. Utilizing additional real world option transaction data would pro-
vide results of a broader scope. Furthermore, the use of data simulation to test the parameter estimation
methods would permit measurement of the relative success of the estimation techniques. Although the
method of moments provides closer price estimates for our data set, it remains unclear whether this result
will continue. Finally, it would be beneficial to compare the results of the Heston model to those of other
stochastic volatility models.
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Appendix

Appendix A: Three Variable Ito Lemma

In this section, we derive the form of the Ito Lemma in three variables. Assume that we have the following
system of two standard stochastic differential equations:

dXt = ,U/zdt + Uzdwlt
vy = ,Uzudt + 0, dWoy.

Further, let W3, and Wa; have correlation p, for some —1 < p < 1. For a function f(X;, V4, t), we wish to
find df (X, Vi, t). Note that df (X, Vi, t) = f(Xesat, Viar, t) — f(Xt, Vi, t). Use Taylor series expansion to
expand f(Xt+dt7 ‘/t+dt; t)
1
f(Xt+dt7W+dtat) = f(Xta‘/;fvt)+fm(dX)+fv(dv)+ft(dt)+§|:fzz(dX)2+fvv(dV)2
i (A1) (dX) + fu(d) (V)]

= FX0 Virt) + faldX) + FodV) 4 fulde) + 3 [ FuadX)? 4 fun(dV)? + fu(dt)?]
LX) () + Fua(dV)(AX) + Fur(dV)(dt)
FXVit) = LX) + FoldV) + Fildt) + 3 [ FredX)? + foudV)? + fuldt)?]
LX) () + Fua(dV)(AX) + Fur(dV)(dt)
= fe(padt + 0.dWiy) + fo(podt + 0ydWay) + frdt + 5 [fm(uzdtJradeu)

 foulptodt + 00dWar) + Fuldt)?] + for(pradt + o0dWay)(dt)

+fwv (,U/a:dt + O'xdWIt)(/J’Udt + UvdW2t) + fvt(uvdt + avdW%)(dt)
= fozdt+azfzdwlt +vavdt+0'vadw2t + fedt

—|—% [fm (12(dt)? + 2p,04(dt) (dAWre) + o2(dW1e)?)
+ fou (K2 ()2 + 20,0 (dE) (AWay) + 02 (dWay)?) + ftt(dt)ﬂ

+fwv (,ua:,uv (dt)z + HaxOvy (dt) (dW2t) + HyO g (dt) (dWIt) + 020y (dWIt) (dW2t))
+ fat (MI (dt)z + 0z (dWlt) (dt)) + fut (Uv (dt)2 + oy (dW?t) (dt))

We can simplify further using the following properties of the products for increments in Ito calculus:

(dt)> =0

(dWy)(dt) =0

(dW1y)(dWy,) = dt
(dWh1)(dW2y) = p(dt).

df(Xt7 Vi, t) = wa:vdt + szmdwlt + vavdt + vavdWQt + ftdt

1
5 [fano2dt + fruo2dt] + fur(ououpit)

|::U’xfx + o fo+ ft + fovozoup + = (fmg + fouo? )} dt
+ [Uiﬁfx] AW + [O'va}dWQt

13



Therefore, we can conclude that the Ito Lemma for three variables is given by

1 1
df(Xt7 Vtat) = (ft + ,Uxfz + ,vav + po'xo'vfzv + iaifxx + iaﬁfvv)dt + Uxfxdwlt + vavdW2t~
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Appendix B: Characteristic Function Derivation
We know that the characteristic function has the following exponential affine form [5]:
Flig) = AT =0 +B(T—) X +C(T =)V +idp X

By the Ito Lemma in three variables, the drift (the portion preceding dt) of the derivative of characteristic
function is

1 1 1
(’I" - 2‘/75) fm + k (9 - ‘/t) f'u + ft + 5‘/:ffww + 502‘/:‘4f'uv + PUth:w-

According to the Fundamental Theorem of Asset Pricing, the drift equals 0. Setting the drift equal to 0O
and substituting the partial derivatives,

0= f[ (r - ;Vt) (B(T —t)+ig)+ k(0 - Vi) (C(T—t)—A(T—t)— B (T-t)X;) - C'(T —t)V;

+ %V}(B(T —t) +i¢)* + %Uz‘/}(C(T — 1))+ poVi(B(T —t) +i¢)C(T — t)]
1

=[-B(T —t)] X; + [ - %B(T —t)— %i(b —kC(T —t)—C(T —t) + 5(B(T —1)? +igp(B(T —t))

1 1
— 507+ 502 (C(T = 1)* + po(B(T = 1)(C(T = 1)) + pois(C(T = 1) | Vi
+ [rB(T —t) + rig + kOC(T —t) — A/(T — t)]
In the second step, we drop f because it will always be true that f > 0.
In order for the drift to equal 0 for all values of X; and V;, the coefficients in front of X; must sum to

0, the coefficients in front of V; must sum to 0, and the constant terms must sum to 0. That gives us the
following system:

0=-B'(T—1t)
0= 3BT — )~ Lig— KO(T — 1)~ O'"(T — 1) + (BT —1))" +i6(B(T — 1)

— 50+ 303 (CT =0 + po (BT — 0)(C(T — 1)) + poie(C(T — 1)

0=rB(T —t)+rip+ kOC(T —t) — A (T —t).

Further, we have the initial condition that when t = T, f(i¢) = €!*X7. As a result,we have initial
conditions A(0) = 0, B(0) = 0, and C(0) = 0.

Since —B'(T —t) = 0 and B(0) = 0, it follows that B(T —t) = 0. Given that condition, we know that
the characteristic function has the form

f(’L(ZS) _ EA(Tft)+C(T7t)Vt+i¢Xt )
Further, since B(T — t) = 0, we have the following two equation system:
1 1 1
C'(T —t)= —5i6 —kC(T —t) - §¢2 + 5aQ(C(T — 1)) + paigp(C(T —t))
AT —t) =rip + kOC(T —t)

with the initial conditions that A(0) = 0 and C'(0) = 0.
Performing algebra and rearranging,

ol —t) _ 1, [—“b _e <2m¢ _ zk) C(T — t) + (C(T —1))?

dt 2 o2 o2 o o2
dC(T — 1) 1o
. . 5 = —50
(CT—1)?+ (22 - H)or - - (2) 2
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Via the quadratic formula, we determine that the roots of the denominator are

—(igpo —k) | \/_p2¢2 _ 2ipok K2 id+ 6P

o2 o2 o3

ot o2

Let o = w and let 3 = \/—% — % + % + (1(25:7;#2) Factoring, we obtain

dC(T —1t) 1, &t
= ——o~dt.
CT— 1) —(a-PICT 0 —(@+B)] 2
Next, we solve for the partial fraction decomposition of the first fraction.

1

G H
CT—H—(@-BCT —t) —(a+P)] CT—t)—(a-B)  CT -t - (a+h)
1=G[C(T —t) = (a+B)] + H[C(T — t) — (o = B)]
Let C(T —t) = a+ 5.
G(0) + H(28) =1
1
"=
Let C(T —t)=a—f
Glla=B)—(a+B)]+H(0)=1
G(-28) =
-1
" 2B
1 —55 i 5
(C(T — )2 + (22 _ 2yo(T — ) — (252%)  C(T—t)—(a—B) C(T—t)—(a+p)
dC(T — 1) 55 % _
(C(T — )2 + (22 — 2)o(T — t) — (12427 (C(T—t>—(a—ﬁ) i C(T—t)—(a+6)> =y

—102 = 2{6’ % B
50 dt (c(Tt)(a5> + C(Tt)(a+ﬂ)>dC<T t)

s= s= _ 1 s= 1
/s_tT i /s_tT e - @ g T /s_tT CeEn e L
5| =g -o] s glmer—a—wen]
50T~ ) = =52 I(C(O) - (a = 5) ~ W(C(T ~ 1) - (a - )
+ % [111(0(0) —(a+B) —In(C(T —t) — (a + B))}
Let T —t=171

gt = [lnw o)~ (C(r) — (o ﬂ))} + o [ln<—<a 1 5) —n(C(r) — (o + B))



1 1 1
50T = —ﬁln(ﬂ a) + %IH(C(T) —(a=0))+ %ln(—(a +5)) — %IH(O(T) —(a+B))
12—in T)— (a0 — n(—(a —in T) -\« np —a
~50°7 = 55 W) = (@ = 8) + n(~(a + 8)] - 35 [(C() (-4 8) +1n(5 - o)
12—in ) — (v — —(« -—in 7)— (a0 -«
5o = g5l (€) — (@ =) (-t + 8| - o] (€I~ (a4 M 3 - @)
e Lilem = (a=8)) (—(a £ 1
177 = 350 C)— (@~ M (~ta+9) | + 50| e =)
IS I (e ECY TR
T S (T R RN Ry

B — efﬂojr O(T) — (Oé — 6)
G Cr) o+ B)
Ctr) - (a=9) = | =] et - @+ 9)
B_a—a2r _ _ _ae—az'r
Clr) + B2 2770 () = (= ) + (5 - )e ™
C) |14 572 = @8+ (5 - @)

_(@=B+B-a)e 7T
B—a _,—Bo2r
1+ m@ B

Next, let us find an alternate expression for (.

B = \/<014> [—p2¢p?0? — 2ippko + k2 4 igo? + ¢?0?]

B = 5V PG ~ Tipgho 4 K2 + 026+ 9%)

5= —\/(poio— 2+ o216+ 57)

Let M = +/(poip — k)2 + o2(id + ¢2)
5=—Lm

o2

Simplify C(7) using the new form of 3.

MY (M ) —Mr
C(T) — (Oé 02) —’_M(_a; a) N
1+ ngae—M‘r

o
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(—%j—i—az)—l—(m—az)e*]\“ eMT
= %+a+( ) —MT <e]\/]7')
() (3 )
T G+ (F-a)

(eMT _ 1) (a2 _ 1;4742

G (-

)

a)

(eMT — 1) (—% — 2?73% + f%i - =z [ »*p*o? — 2igpok + k% + o z¢+02¢2])
i (M+@Wﬂw——@
B (%+a)€MT+(?—a)
Mt —ip — ¢?
[y e (Y i)
Mg id+ 62
=2 _(m;;o;k _%) M7 _ (%—FM”;#)_
M1 ip + ¢ }
- o2 _%[(iqﬁpa—k—M)eMT—(i(;ﬁpa—k—i—M)]

)
)

_ (M7~ 1) (i6 + ¢?) (=
~ (igpo — k — M)eM™ — (igpo — k + M) ( 1

B v e g}
(eMT_l) ( )

—(i9+¢%)
1ppo—k+M

(igpo—h—M) 117
1= oo imn e
ippoc —k — M
Let N= ———.
© ippo —k+ M
—h2—g
oim = 7 (i)
= 1 — NeMr
—o20?_ibo?
(M) (%)
o g2 (1 — NeM)
(it _ ) (i Yomiaot
(iéps—F+3) (poig—k—M)
= 0% (1 Nehr)
—022—ipo2 ) (poid—k— M
(e ) ()
= 0_2 (1 _ NeMT)
() = (eM™ —1) (poi¢ — k — M)
= 02 (1 — NeMr) ’
6 —k— M
where M = \/(poi¢ — k)2 + 02(i¢ + ¢?) and N = ,ﬁw
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Using that formula for C(7) =

o -

s)ds

t), we can solve for A(7)

= A(T —t).

AT — t) = rigp + kOC(T — t)

s=T s=T s=T

/ A(T — s)ds = / rigds + / kOC(T —
s=t s=t s=t

s=T s=T

—A(T - s) = rigs + kO C(T — s)ds
s=t 5=
s=T
T—1) :m'¢(T—t)+k:9

s=t

—s) _

C(T — s)ds

1) (poi¢p —k - M)

s=T
AT —t) =rig(T — 1) +k9/

rig(T — t) +

:m'¢(T—t)+l;;§(pai¢—k—M)l—

ln(eM(Tfs))
M

~| s=T
s=t

= ’I“i¢(T— t) + g(ﬁaw k- M) l (_1n(]>fw— 1) n ln(MN

_1)+

In (NeM(T*t)

o2

ko
ﬁ(ﬁaw—k—M)/

In (NeM(T*t)

(1 — NeM(T—s))
s=T M(T—s) _q

ey 1= NeM(T—s)

In(NeM(T=s) 1)

ds

In(NeMT=s)

D

M

N-1)

In(1)

MN

+

In (eM(T-1)

_1)+

M

_<_

A(r) =rigr + f_z(poi(b—k—M)[—

In(NeM™ — 1)

In(eM7)

MN M

= ri¢T + k—z(paiqb— k—M)
o

L

MN

—rz¢7+k9(pong k— M)

= rigT + k—i(pm’d)—k—M)
o

= rigpT + k—g(pm’gb— k— M)
o

kO
= T'Z.¢T + -
g

= ripT + k—z
o

:ri¢7+k—§ —
0— L

'z\?

|

(mQV—l)—theMT— )

»—kgn—l

M

Nin (158

MN M

In(N —1) N In(N —1)

M

)

In(NeM™ —

)

1)

M MN

<ln(NeMT —1) —In(N — 1))

_Mq

NeMT 1

M

—In

(

1
N — ) MN
1 —NeMT

1

=

(5

1
N) TN

)+m(_

Ne MT

—(poi¢ — k — M)T + (poi¢ — k + M)

—(poip — k — M)T + (poi¢p — k + M)

(poip — k — M)T + (poi¢p — k + M) (N
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ke , e | 1 — NeMr
o ko [ . poip —k — M — poigp+k — M 1— NeM™
= rigT + o7 | (poip —k — M)T + ( i In N
) ko [ , 1— NeMT
A(T) = T'Z¢T + ﬁ _—(pUZ(b — k — M)T — 2ln (“V)]
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Appendix C: MOM Moment Derivation

In this section, we will derive the first through fifth moment of (Q;11. Before we are able to derive expressions
for the moments of Q:y1, we will derive formulas for the first six moments of standard normal random
variables. Then, we will derive the first three moments of V;; 1. With those properties in place, we will
derive the moments of Q¢y1.

Standard Normal Moments
Assume that we have a random variable Z, where Z ~ N(0,1). In order to solve for the moments of Z, we
can use the moment generating function Mz(t) of a standard normal random variable.

My (t) =e?
We can use the following formula to extract the j** moment of Z from Mz (t):

dl 42
—e€ 2

E(Z7) = e

t=0

Therefore,

d* 2
E(Z4) = %8 2

t=0

2 9 2 4 12
=3e2 +6t°ez +t ez
t=0

=3

P 2
s’

t=0
2 2 = 2
— 15te'T + 10t3%eT + t9eT
t=0
-0
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In the following two sections, since Z;

any a,b € R,

Moments of V4

Recall the discretized formula for Viy;(6).

property that

(-

dG t2
E(Z%) = —e*
dt® t=0
t2 t2 2 t2
= 15e7 4 45t%eT + 15tteT + %™
t=0
= 15.

E(Z173) = E(Z})E(Z3).

E(Viy1) = E(Vi).

E(Vit1) = E(Vi + k(0 — V1))

E(Vig1) = E(Vig1) + k0 — KE(Vit)
kE(Viy1) = k0

E(Viy1) =10

BVA,) = B ((Vi+ k(0= Vi) + 0\/Vi21)?)
E(V2,) = E(V2 = 2kV2 + 2Vik + 20V,> Zy + k2V2 — 2k2V,0
— 2V, 0 Zy + K20% + 200/ Vi Zy + 02V, Z2)
E(VZ1) = B(VA1) = 2kE(VE) +2k0° + K E(VE ) — 2k°6°
+ k20% + %0
(2k — K)E(VZ,) = —k%0% + 2k0% + 020
k26 1 2k62 + 020
ok — k2

E(Vt2+1) =

B(Vi) = B ((Vi+ k(0 - Vi) + 0v/Vi21)*)

BE(V3,) = B(VP — 3kVP + 3K2V3 — VAP + K%0° + 30V, 2,
+302V2Z7 + 3V2E®0 + 3V2kO — 6k*V,20 — 3V, k307
1 3Vik260% + 0PV,E 25 1 6k00V,2 2, — 6V,2 k200 2,
+ 3k20%0/V, 2y + 3k002V, 22 — 6kV,2 02,
+ 3V K202y — 3V2ko?22)

E(V3.) = BE(V}?) = 3kE(VY) + 3k*E(V?) — K E(V,?) + k°6°
+30*E(V2) 4+ 3E(VA)K*0 + 3E(VA)kO — 6k*E(V;A)6
— 3k%0% + 3k260° + 3k020* — 3BE(V? ko

1502k202 902k02 3046

—k2 + 2k + —k2 + 2k + k2 + 2k
3k°63 12493 6k30252 15303

TRtk T2k Sk i2k k2t ok

3k% + 3k)E(V ) = —2k%0° —

22

and Zs are two independent standard normal random variables, for

The derivations of the moments of V;1; will make use of the



6k26° : 3ko'0
———— + 3K%03 4+ 3k0%0? - ———
+—k2—|—2kz+3 + 3k0°o 1ok
—0
E(Vj,) = (5k°0% — 13k*9% — 3k3020

 k2(k —2)(k2 — 3k +3)
+ 9k30% + 9k%020 + 3ko™ — 6k%0% — 9ko 20 — 30™)
Moments of ;41
Recall the discretized formula for Q41 (5).

E(Qi41)=FE (1 +7r+ \/‘Z (le + MZQ))

=14+r

E(Qi) =E ((1 +r+ \/Vt(/)Zl +v1 —PQZ2)>2)

BE(Q%,) =E (1 2+ 2/ VipZy + 2/ Vi1 — p2Zs + 12 + 20/ VipZs
+ 20/ Vi1 = 9225 + Vip* ZE + 2VipZaN/1 = p2 25
— 0PViZ3 + ViZ3)
B(Qf1) =1+ 2r + 1% + E(V;)p* — E(Vi)p* + E(Vy)
EQ7)=r"+2r+1+0
E(Q7) = (r+1)*+06

3
E(Q?ﬂ) =K <(1 +r+vVV (le +v1- P222>) >
E(Q},)) = E(1 +3Vyp*Z} — 3p*ViZ3 + 3r + 3r* + 3V, Z3
+ 6rVipZi\/1 — p2Zy + 67/ VipZi + 67/ Vi/1 — p?Zs
+3r%\/VipZy + 32/ ViN/1 — p2 2y + 3rVip? Z3 — 3rp*V, Z2
3 3 3
—3Vi2pP 20 Z2 + 3V,2 pZ1 22 — V21 — p2Z3 p* + 3V, Z2
3 3
+6VipZiN/1 — p2Zo + 3V p* ZiN/1 — p? Za + V2 p° 27
3
+ 3V Vi1 = p2Zo 4+ 3/ VipZy + VP /1 — p2Z3 + 1"3)

E(Q}1) = 1+ 3E(V,)p* = 3E(Vy)p® + 3r + 3r> + 3E(V;) + 3rp* E(V;)
—3rp*E(V;) + 3rE(V;) + 13

E(Q}.) =1+3r+3r +3E(V,) + 3rE(V;) +1*

E(Q}.) = (r+1)>+30+3r0

The third moment of ;41 uses the same two parameters that the first and second moments use, so the third
moment will not be used when solving for the method of moments parameter estimates.

BQt) =B (14 + V¥ (o214 VT=722)) )

B(QY,,) = B(1—120V,? g3 20 22 + 120V p2y 72 +120Vip 22 — 120V, 22 °
t+1) = ¢ P L1144 rVi©plidy + 12rVip® 2y TViZsp
3 3
— 12V p3 2,72 + 12V, pZ, Z2 + 6r2Vip® Z7 — 602V, Z2p?
ATV 0 28 — OVEP 2R + OV 23 2R — VR
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4V = 223 1120/ VipZy + 12/ Vi1 — 225

1202 VipZy + 122 Vi/T — 2o — AVE /1 — p2 232

+ 473/ VipZy + 413/ Vi1 — p2 2y + 4\/VipZ,

— AV 21 — p2Z3 + AVEpZi\/1 — p2 73 — 47"‘/;\/1 — p27Z3p*

FAVEPRZINT = 2 + 12V, 2 Z2\/T — 2o + 12VipZi /1 — p22Zs

3
+ 4V /1 — p2Zy + AV /1 — p2Z3 + 43 414
+12r2VipZi/T — 2 2 + 120V, p2 22 /1 — p2 25
) 3 3,3 217 2 2 4,4

+ 24rVipZiN/1 — p?Zo + AV,2 p° Z7 + 60V, Z5 + V2 p~ 7

+V2Z3p* + VEZE +6Vip? 22 — 6V, Z2p% 4 6V, 22 + 121V, 22

+ 4r + 67‘2)
E(Q}1) = 1+ 6p°E(Vi) — 6p° E(Vi) + 4r + 6r° p> E(V;) — 6r°p° E(V;)
—6E(V?)p* + 6E(V?)p® — 6E(V?)p® + 1 + 6r + 6E(V})
+12rpE(V;) — 12rp* E(V;) + 12r E(V;) + 3BE(V2)p* + 6r2E(V;)
+3E(V2) +3E(V2)p* + 4r®
1L+ 4r + 74 +6r2 + 6E(V;) 4+ 12rE(V;) + 6r2E(V;) + 3E(V2) + 4r°
e
k(k—2)
— 8kr® — 12kr?0 + 4k*r + 6k*0 — 12kr* — 24kr0 — 6k0* — 3020
+ k* — 8kr — 12k6 — 2k)

B(Qf41)
E(Qi11)

k2rt 4 4k%r3 + 6k%r%0 — 2kr* + 6k2r2 + 12k%r0 + 3k202

E(Q},,)=FE ((1 +r VY (021 + MZQ))S)

5 5
B(Q}) = B(L 45V, 9 21— 22, 10V p' 23 /1~ 223
3 3 3
—10r°V2\/1 = p2Z3p* = 30r° V2 p° 21 Z3 + 30r*V,2 pZ1 Z3
2 9,2 > 73 2 477252 2 2,252 5
+ 10V p*Z7/ 1 — p?Z5 — 30r Vo p* Z1 Z5 4+ 30r Vi p* Z7Z5 + 7
3
+20VipZi\/1 — p2Zy + 30V,2 p* Z3 /1 — p2Zy — 30rp*V, Z2
3 3 3
—30V,? p3Z,Z2 4+ 30V,? pZ, Z2 — 10V, \/1 — p2Z3p?
5 A 32554 2 47272 2 27272 277 272
+ V21— p2Z35p* — 30V, *p*Zi Z5 + 30V p~ Z7 Z5 + 30rV, p° Z3
3 3 5
— 30022V, Z3 + 20rV,2 02 Z3 + 20rV,2 \/1 — p2Z5 — 2V,2 /1 — p2Z5 p?
q 5
+ 2073/ VipZy 4 2003/ Vin/ 1 — p2Zy — 10V, p° Z3 73
5 3,32 5 3 4 s 5 4 5 4
+10V,* p 2y 25 — 10V p° 21 Z5 + 5V p° 212y + 5Vi? pZ1 Z,
+ 500/ VipZy + 514/ Vi1 — p2Zy + 1003V, p2 22 — 1003 p?V, Z2
3 3
+10r%V;2 p 23 + 1072 V2 /1 — p2Z3 — 10rV2 Zyp° + 5rp* V2 Z3
+ 5rV2p ZE 4 3012/ Vin/1 — p2Zy + 30rV; p* 77
+ 200/ Vin/1 — p2Zo + 30r%\/VipZy + 20r/ VipZy
3
+ 5V Vi1 = 225 + 5/ VipZi + 10V, p° Z3 + 30r2V, Z3 + 5V p* 21
3 3
+5p V2Zy +10V,2 /1 — p2Z35 + 30rV, Z5 — 60rV,2 p* 7, 73
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E(Qt5+1) =

E(Q?-H) =

E(Q?ﬂ) =

E(Qf+1) =

F60rV,2 pZa Z2 — 20rV,E /1 — p2Z3p° + 60r2VipZon/1 — p2 25
4 60rV,E 2221 — p2 2y — 20V2 )P ZiN/1 — p2 28
+20V2 P Z3N/1 — p2 25 + 20V2pZiN/1 — p2 23 + 10/3V, 22 + V2 p° 27
5
—10V2Z3 0% + V2 /1 — p2Z5 + 10Vip? Z2 — 10p° Vi Z2 + 5rV2 Z5
+ 57 4 10V; Z3 + 5V2Zy + 107 + 10r% + 51 + 60rVipZi\/1 — p2Zs
3
+20r3VipZiN/ 1 — p2Zo + 30r2V,2 p2 Z3\/1 — p2Zs
—20rV2p3 Zy\/1 — p2Z3 + 20rV2p* Z3 /1 — p2Z
+20rV2pZi\/1 — p2Z3)
1+ 10p2E(V;) — 100 E(V;) + 1073 p? E(V;) — 10r° p? B(V})
—30rp*E(V2) + 15rp* E(V2) 4 15rp* E(V;2) + 5r 4 30r2 p> E(V;)
—30r2p2E(V;) — 30p* E(V;?) + 30p* E(V?) — 30p*E(V;?) + 5r*
+ 1072 + 10E(V;) 4+ r° + 10r* E(V;) + 15rE(V;2) — 30rp* E(V;?)
+ 30rp? E(V2) + 30rp> E(V;) — 30rp> E(V;) + 30rE(V;) + 15p* E(V?)
+30r2E(V;) + 15E(V2) + 15p* E(V;?) + 10r°
1 —30rp? E(V2) + 5r + 5r* 4 10r% + 10E(V;) + 7° + 10r3 E(V;)
+ 157 E(V2) 4 30rp> E(V?) + 30rE(V;) 4+ 30r2E(V;) + 15E(V}?)
+ 1073
—k20? + 2k0? + 020
1 — 30rp?
P ( K2 + 2k
—k20? + 2k0? + %0
—k2 + 2k
—k262 + 2k0? + 020
30rp*
+50rp ( —K2 + 2k

—k2%02 + 262 + 020
1 1073
+ 15 < 2 + ok ) + 107

) + 57 + 5r* + 10r% + 100

+ 7% 4+ 10r°0 + 157 (

) + 3070 + 30120

Tk ) W77 R 4 10K%r00 — 2kr® 4 10K + 30k%r°6

+ 15k%r0% — 10kr* — 20kr30 + 10k3r2 + 30k%r0 + 15k%60% — 20k
— 60kr?0 — 30kr0® — 151020 + 5k*r + 10k%0 — 20kr® — 60kro
— 306 — 150%0 + k* — 10kr — 20k6 — 2k)
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