1

Mosaics: A Prime-al Art *

Kristen Bildhauser Jared Erickson
Saint Mary’s College Valparaiso University
Notre Dame, IN 46556 Valparaiso, IN 46383

kbildh01@saintmarys.edu jared.erickson@valpo.edu

Cara Tacoma
Trinity Christian College
Palos Heights, IL 60463
cara.tacoma@trnty.edu

July 31, 2007

Abstract

The mosaic of the integer n is the array of prime numbers resulting

from iterating the Fundamental Theorem of Arithmetic on n and on any
resulting composite exponents. In this paper, we generalize several num-
ber theoretic functions to the mosaic of n, first based on the primes of
the mosaic, second by examining several possible definitions of a divi-
sor in terms of mosaics. Having done so, we examine properties of these
functions.

Introduction

1.1 Mosaics

In a series of papers [3], [4], [5], and [6] Mullin introduced the number the-
oretic concept of the mosaic of n and explored several ideas related to it. He

defined the mosaic of an integer n as follows:

Definition 1. The mosaic of the integer n is the array of prime numbers re-
sulting from iterating the Fundamental Theorem of Arithmetic (FTA) on n and

on any resulting composite exponents.

*This material is based upon work supported by the National Science Foundation under
Grant No. 033870. Any opinions, findings, and conclusions or recommendations expressed in
this material are those of the author(s) and do not necessarily reflect the views of the National

Science Foundation.



Example.

n = 1,024,000, 000 «-- Use the FTA to find the prime factorization of n.

= 216. 56 «-- Apply FTA to composite exponents 16 and 6.
= 22" . 523 «—- Apply FTA again to composite number 4.

2
= 2% . 523 «-- The mosaic of the integer; only primes remain.

The first function he introduced was ¥ (n), the product of all of the primes
in the mosaic of n. As an example, we have:

Example.
3 5
P27 . 3%)=2.17-3-3-5-5= 7650

In classical number theory, a function is multiplicative if and only if f(mn) =
f(m)f(n) whenever m and n are relatively prime. Mullin defined f to be gener-
alized multiplicative if and only if f(mn) = f(m)f(n) whenever the mosaics of
m and n have no primes in common. He showed that 1(n) is generalized multi-
plicative and that any multiplicative function is also generalized multiplicative.
He also generalized the classical Mobius function, p(n), defining the generalized
Mobius function as:

1 ifn=1
“(n) 0 if the mosaic of n > 1 has any prime number repeated
n)=
K (—1)F if the mosaic of n > 1 has no prime repeated, where k is
the number of distinct primes in the mosaic of n.
Examples.

w(*) = (-1)° = -1
pr(2%) =0

Similarly, Mullin defined a function to be generalized additive if and only
if f(mn) = f(m) + f(n) whenever the mosaics of m and n have no primes in
common. He defined ¢*(n) as the sum of the primes in the mosaic of n and
showed that this function was generalized additive.

Example.

5T 118 =5 42434+ T+ 11+ 13+19 =% (52°7) + ¢+ (11137)

1.2 Levels of the mosaic of n

Following Mullin’s work, Gillman, in his papers [1] and [2], defined new
functions on the mosaic of n. He used the concept of levels of the mosaic to
describe the different tiers of exponentation, an example of which follows:



Example. 235" «_- The two is in the first level, the three and five are in the

second level, and the seven is in the third level of the mosaic.

Using this idea, Gillman generalized the classical M6bius function as follows:

ifn=1
0 if the mosaic of n has duplicate primes in the first ¢ levels
wi(n) = (including multiplicities at the i*" level)
(—1)* if the mosaic of n consists of k distinct primes in the first

1 levels.

Along with the Mobius function, Gillman generalized the multiplicative
property of functions to the levels of mosaics.

Definition 2. A function is ¢-multiplicative if and only if f(mn) = f(m)f(n)
when m and n have no primes in common in the first i levels of their mosaic.

Combining these concepts, Gillman went on to prove u; is i-multiplicative
for all 4.

Example. ji3(3%11" - 715%) = (=1)7 = (=1)1 - (=1)® = ps(3>11") - g (71%°)

He then furthered Mullin’s work on 1(n) by generalizing it to depend on the
levels of the mosaic. The function ;,(n) for j > i is computed as follows:

Definition 3. Expand n through the first j levels of its mosaic; for each prime
p on the i*" level of this expansion, multiply p by the product of the primes in
the (i 4 1)%! through ;' levels above p, including multiplicities of the primes at
the j*" level.

Examples.
,11-132

’(/}6’3(235 . 32‘537) _ 235»7-11«13~2 ) 32.53-7
Yoo,1(n) = product of all primes in the mosaic

Gillman also introduced the idea of i-relatively prime mosaics. That is, two
integers, m and n, are i-relatively prime when they have no primes in common
in the first ¢ levels of their mosaics.

Example. The integers with mosaics 23" and 71’ are 2-relatively prime, but
not 3-relatively prime.

1.3 Our Motivation

In this paper, we will introduce new families of functions defined on the
mosaic of n and determine which of these are i-multiplicative or i-additive. In
section two, the functions will depend only on the primes present in the first ¢
levels and their multiplicities. In sections three, four, five, and six, we define
alternative generalizations of the concept of a divisor and explore functions that
result from these definitions. Finally, in the last section, we present ideas for
future consideration for study of the mosaic of n.



2 Mosaic Functions

The functions 2, w, A, and ¥* are among the functions that can be gener-
alized to the mosaic of n. We discuss their generalizations specifically because
we found them to either be i-multiplicative or i-additive.

2.1 The Functions (2, and w;

In classical number theory, 2(n) is the total number of primes in the factor-
ization of n, including repetitions. We generalize that in the following definition:

Definition 4. Q;(n) is the total number of primes in the first ¢ levels of the
mosaic of n, including multiplicities on the i*" level.

Examples.

92(237 . 5116) _ 92(23-3.33.3.3.3 . 511.11.11.11.11.11) — 15

QB(7575.19 ) 19137-113) _ Q3(757-7-7-7-7_19 ) 19137-11-11-11) 4

Noting that l-additive implies j-additive for all j, we have the following
theorem. However, i-additive implies j-additive for j > 4, as we see in the
theorem for w;.

Theorem 1. ; is j-additive for all i and j.

Proof. Let m and n be 1-relatively prime. Then ;(mn) is summing the number
of prime divisors of the product mn and the number of primes in levels two
though i of the mosaic of mn, including multiplicities at the i"* level. Since m
and n are l-relatively prime, the first term of this sum can be written as the
number of prime divisors of m plus the number of prime divisors of n. Similarly,
the second term can be written as the number of primes in levels two through
1 of the mosaic of m plus the number of primes in levels two through ¢ of the
mosaic of n (including multiplicities at the i** level in each of these sums).
Rearranging these sums results in €;(m) + Q;(n). Thus ; is 1-additive and
therefore j-additive for all j. O

Examples.
Q23 51°) = 15 = 8+ 7= 05(2%) + Q5 (5'%)

Qa7 131 ) 17 = 7410 = Qs (T ) 4 Qs (131
3( ) =17="T7410 = Q3( )+ Qs( )

Note: The result that €2; is i-additive depends only on the first level of the
mosaics having distinct primes. That is, it is necessary and sufficient that the
first level of the mosaics have distinct primes in order that €2; be i-additive. We
illustrate this in the following examples.



Example.
5 5
02(2% - 3%) =8=6+2=0(2%) + 22(3%)

0(3%°-33) = (323 4) =4 £ 8 =6+ 2 = 05(3%) + 0 (3%)

In classical number theory, w(n) is the number of distinct primes in the
prime factorization of n. We generalize w(n) to the mosaic of n as follows:

Definition 5. w;(n) is the number of distinct primes in the first i levels of the
mosaic of n.

Examples.
w2(237 . 5116) = wy (2833333 SILILILILILL)

. 757-7-7-7-7,19

w3 (191777 19) = wg(19 )=5

Unlike €;, w; is not j-additive for all j. Rather, as the following theorem
demonstrates, it is j-additive for j > i.

Theorem 2. w; is i-additive.

Proof. Let m and n be i-relatively prime. Then w;(mn) is summing the number
of prime divisors of the product mn and the distinct primes in levels two though
i of the mosaic of mn (which must also be distinct from the prime divisors).
Since m and n are relatively prime, the first term of this sum can be written as
the prime divisors of m plus the prime divisors of n. Similarly, the second term
can be written as the number of distinct primes in levels two through i of the
mosaic of m plus the number of distinct primes in levels two through ¢ of the
mosaic of n. Thus w;(mn) = w;(m) + w;(n) and therefore w; is i-additive. O

Example.
11413532 1789° 11-13532 1789%
(U4(7 - 29 ):9:5+4:w4(7 )—l—w4(29 )
w (115-11 . 7193-5357) _ 6 7é 2 + 5 _ 115-11 7193.5357
4 = = wy( )+ wa( )

2.2 The Function \;

Classical number theory defines the Liouville function as A(n) = (—1)2("),
We generalize this in the obvious way:

Definition 6. \;(n) = (_I)Qi(n)

Example.
A2 517 = (-1 = (c1)1e =

This leads to the following theorem, again recalling that 1-multiplicative
implies j-multiplicative for all j.



Theorem 3. \; is j-multiplicative for all j.
Proof. Assume m and n are 1-relatively prime. Therefore,
Q;(mn) = Q;(m) + Qi(n)
Thus, it follows that
(1)
(- 1)91 M)+ (n)
= () (D)
Ai(m )>\ (n)
A; is 1-multiplicative and therefore j-multiplicative for all j. O

Example.
)\2(237 . 5116) _ (_1)02(237~5116) _ (_1)15 _ (_1)8(_1)7 _ /\2(237))\2(5116)

2.3 The Function ¢,

Mullin defined the function v as the product of all primes in a mosaic. Gill-
man later extended this to the levels of the mosaic by introducing the function
;. Mullin also defined the function 1* to be the sum of the primes in a mo-
saic. We wanted to generalize this idea to the levels of the mosaic as well, so
we define the function Y7, as follows:

Definition 7. For j > i, compute ¢, (n) as follows: Expand n through the
first j levels of its mosaic; for each prime p on the i*" level of this expansion, add
p to the sum of the primes in the (i + 1)** through j*" levels above p, including
the multiplicities of the primes at the j** level.

Examples.
Vi 2(171137'19 : 23235) — 71I434THIO | 9324345

3
P53 ) =3454+2+3+7=20

Similar to the previous functions, we found that for ¢}, l-additive, and
therefore k-additive for all k, as the following theorem shows.

Theorem 4. 97 (n) is k-additive for all j and k.

Proof. Let m and n be integers which are l-relatively prime. 7 ,(mn) is the
sum of primes in the first j levels of the mosaic of mn, including multiplicities
on the j* level. This is equivalent to the sum of prime divisors of mn plus
the sum of the primes in levels two through j of the mosaic of mn including
multiplicities at the j** level. Since m and n are relatively prime, the sum of
prime divisors of mn can be written as the sum of prime divisors of m plus the



sum of prime divisors of n. Similarly, the second term can be written as the
sum of primes in levels two through j of m plus the number of primes in levels
two through j of the mosaic of n including multiplicities at the j** level in each.
Rearranging these sums results in ¢ ; (m) +7;(n). Thus ¢} ; is 1-additive and
therefore k-additive for all k. O

Example.

1 52
P33T 137 1) = (34 T+ 11 4+19) + (13+ 245+ 5+ 13)
* 1119 " 52 1.
:¢3,1(3711 )+¢3,1(132 ')

Interestingly, while 97, is k-additive for all j and k£ when ¢ = 1, for any
i > 1, 7, is I-multiplicative and therefore k-multiplicative for all j and k.

Theorem 5. For alli > 1, ¢ ,(n) is k-multiplicative for all j and k.

Proof. Let m and n be 1l-relatively prime integers with prime factorizations

prtpe? - p&r and qf ! qg 2...¢P% respectively. Because m and n are 1-relatively
prime, mn = p'ps? --~p;“qflq252 -+ g% Further, because i > 1, Y5 ;(mn) has

the same first (i — 1) levels as the mosaic of mn and the i** level is equal to
the " level of v;;(mn) with multiplication converted to addition. Thus the
unchanged first level can be partitioned into the parts that have the same first
(i—1) levels as m and n and with the i*" levels equal to the it levels of v; ;(m)
and 1);;(n) respectively with multiplication converted to addition.

ey (mn) = piips? - piraiiay - g
= (py'p3? Pt ) (a2 - - b?)
= w;,i(m)¢;,i(n)

where a; and b; are the 2"? through i*" levels of the mosaic, with the (i 4 1)%¢
to j*" levels brought down to the i*" level with multiplication converted to

addition. Thus ¢ ;(mn) is 1-multiplicative and therefore k-multiplicative for
all k. O

Example.

7 5 7 5
¢Z,2(17113 ‘19 | 2323 ) — 1714347419 9g2+43+5 _ ¢Z,2(17113 .19) '¢Z,2(2323 )

3 Submosaics

Many number theoretic functions are defined in terms of the divisors of n, so
we must develop an analogous concept for the mosaic. In this and the following
sections, we examine some possible definitions, and the resulting functions.



3.1 Definition of a Submosaic

A mosaic can be viewed as a connected graph where the primes in the mosaic
are the vertices and there is an edge between vertices if one prime is multiplied
by the other or one is an exponent of the other. In [4], Mullin introduced the
concept of submosaics; therefore, submosaics seemed like a natural first step in
our search for a divisor. Mullin defined a submosaic as the mosaic corresponding
to a connected subgraph of the graph of the full mosaic. We found that this
definition did not work like Mullin thought it would, and it did not help to
create the ¢-multiplicative functions we were looking for. We decided to alter
the definition to something more like divisors in the sense that removing a
submosaic from a mosaic leaves another submosaic of the mosaic. This is similar
to divisors because dividing a number by one of its divisors results in another
divisor.

Definition 8. A restricted submosaic is a mosaic that corresponds to one of the
connected subgraphs such that it leaves a connected subgraph when removed
from the graph of the full mosaic. A restricted submosaic in the first ¢ levels of
n is found by expanding the mosaic of n through 7 levels and following the same
process with multiplicities on the i*” level. We denote the set of all restricted
submosaics of n in the first ¢ levels by S;(n).

Example.
n = 713 . 1119

So (7131119 = {1, 13, 19, 713, 11'9, 713 .11, 7-1119, 7131119}

3.2 The Function ,¢;

In classical number theory, ¢(n) counts the number of integers less than or
equal to n that are relatively prime to n. It is computed using the formula
o(n) = din p(d)%. Given this formula, we generalize ¢ using submosaics as
follows:

Definition 9.

Siln) = 3 pald)(n\d)

deS;(n)

(n\d) is the integer resulting from the submosaic corresponding to the connected
subgraph formed by removing the subgraph corresponding to the mosaic of d
from the graph corresponding to the mosaic of n.

The pre-subscript s is used to denote the use of restricted submosaics. We
need to use the pre-subscript because we will define other versions of the ¢
function later in the paper. The post-subscript, 7, is used to determine which
level of the mosaic is being examined.



Example.

$02(27-13) = (1) (27 13\1) + (=)' ((27-13)\7) + (—1)" ((27 - 13)\13)
+ (=12 ((27-13)\27) + (—1)*((27-13)\(2- 13))
+ (1% (27-13)\(27 - 13))
=1664 —26—128 +13+7—1
= 1529

3.3 The Functions ,7; and 0;

The function 7(n) typically counts the number of divisors of an integer n.
Our generalized 7 function, ¢7;(n), counts the number of restricted submosaics
from the first i levels of n including multiplicities on the i** level.

sTi(n) = Z 1

deS;i(n)

Definition 10.

Example.
7
n=5"9 .23

S5(519" - 23) = {1, 7, 23, 5", 197, 5'9.23 5.23 59 .23}
S5 (5197 . 23) = |S5(51" - 23)| =8

Similarly, o(n) sums the divisors of an integer n, so s0;(n) is the sum of
restricted submosaics from the first ¢ levels of n including multiplicities on the
ith
1*" level.

Definition 11.

Example.

wo3(519 - 23) = 14+ 7423+ 59 +197 + (52 23) + (5-23) + (519 - 23)

3.4 Mullin’s problem

We discovered that none of these functions are i-multiplicative. The problem
is that if d € S;(mn), then dy € S;(m) and dy € S;(n) for some dy and da such
that dyds = d. However, dy € S;(m) and dy € S;(n) does not necessarily imply
that didsy € Sz(mn)

Example.
3€ 899(2°-7%) 5€85(2°-7%)

3-5¢ 85(2°-7%)



After discovering this, we looked again at Mullin’s work with submosaics.
If we let C'(n) be the set of all submosaics of n, he made the assumption that
C(mn) = C(m) x C(n), but we discovered that this is not true. As we found
with restricted submosaics, we also discovered that d; € C(m) and ds € C(n)
does not necessarily imply that dids € C(mn).

Example.
2¢€C(13%-17°) 17€ C(13%-17%)

2-17¢ C(13%-17%)

4 Mivisors

Since the assumptions made by Mullin about functions with submosaics were
false, that is, they did not act as a divisor of the full mosaic, our quest for a
divisor continued.

4.1 Definition of a Mivisor

Mivisor, from mosaic divisor, was our first generalization of a divisor for
mosaics, which we examine in this section.

Definition 12. d is a mivisor of n if and only if its base primes are a subset
of the base primes of n and the exponents are the same as for each base prime.
We denote the set of all mivisors of n by M(n).

Example. Let n = 23" . 35" . 5. The mivisors of n are:

M(2% .35 .5)={1, 2%°, 3

517 517 517

, 5, 2% .35 9375 35 .5 28357 .5}

We chose this structure because the mosaic above each prime in the first
level is fixed and we did not want to change the entire mosaic when dividing by
the mivisor.

Lemma. M(mn) = M(m) x M(n) when m and n are i-relatively prime.

Proof. Let the prime-power factorizations of m and n be pi'p3?---p% and
qlfl qu e qff, respectively. Since m and n are i-relatively prime, the set of primes
in the first level of m and the set of primes in the first level of n have no common
elements. Therefore, the prime-power factorization of mn is

— 01,02 as b1 ba b
mn_pl p2 ...pssql q2 ...qtt_

If d € M(mn), then

d=pi'ps - pialtal -l
where e; is either 0 or a; for ¢ = 1,2,...,s and f; is either 0 or b; for j =

1,2,...,t. Now let dy = ged(d,m) and dy = ged(d,n). Then

d = p{'ps? - pie and dy = qf'¢f* - qf".

10



It follows that d; € M(m) and da € M(n). Since d = di1dz, d € M(m) x M(n)
Similarily, if d; € M(m) and dy € M(n), then didy € M(m) x M(n) and
dydy € M(mn). Thus the sets are the same. O

We are able to prove the following theorem using this lemma.

Theorem 6. If f is an i-multiplicative function, then F(n) = EdeM(n) f(a),
18 also i-multiplicative.

Proof. To show that F is an i-multiplicative function, we must show that when
m and n are i-relatively prime, F(mn) = F(m)F(n). So assume that m and n
are i-relatively prime. We know

F(mn) = Z f(d).

deM (mn)

By the lemma, because m and n are i-relatively prime, each mivisor of mn can
be written as the product d = dyds where d; € M(m) and ds € M(n), and d;
and ds are i-relatively prime.

F(mn) = Z f(didz)
d EM(m),dQEM(TL)
Because f is i-multiplicative, and d; and dy are i-relatively prime, we see that

F(mn) = Z Z f(dv) f(d2)

diEM(m) de €M (n)

o fld) ) flda)

d GM(m) dzEM(n)
= F(m)F(n).

4.2 The Function ,,, ¢;

Using the classical formula for ¢ and the mivisors, we are able to redefine
¢ for mosaics. Unfortunately, we lose the conceptual definition of ¢ counting
something.

Definition 13.

mdin) = Y pild)7

deM(n)
Example.
23 23
my $2(2%) = (_1)22*3 + (_1)0T =9

Having redefined our functions in terms of mivisors, we wanted to know if
the typical number theoretic properties of these functions still held. We found
our function ,,, ¢; to, in fact, be i-multiplicative.

11



Theorem 7. ,,, ¢; is i-multiplicative.

Proof.

Z Ni(d)7

deM (mn)

= Z Mz’(d)T

deM(m)x M (n)

>y Mi(d1)ﬂi(d2)d*1d*2

d; E]V[(m) dQEM(n)

> pildi) - >, pi(d2) -

di€M(m) L dpeM(n)

= 1y @i (M), Pi(1)

mi ¢l (mn)

4.3 The Functions ,,,7 and ,,,0

The function ,,,, 7(n) counts the number of mivisors of n.

mr(n)= Y 1

deM(n)

Definition 14.

Example.
n=117.173

MA17-173) = {1, 117, 173, 117 - 173}
i, T(LT - 173) = | M(117 - 17%)| = 22

Note: The function ,,, 7 will always result in a power of two with the expo-
nent equal to the number of primes in the first level.

Using Theorem 6 with f(d) = 1, which is obviously i-multiplicative, we
obtain

Corollary. ,,, 7 is i-multiplicative for all i.
Example.
T = M7 17| =4=2-2 =, 7(117) - ,,, 7(17?)
Our generalized o function, ,,,0;(n), sums the mivisors of n. That is

myo(n) = Z d

deM(n)

Definition 15.

Example.
(117173 =14+ 117 +17% + 117 17

12



Using Theorem 6 with f(d) = d, which is i-multiplicative, we have the
following

Corollary. ,,, 0 is i-multiplicative for all i.

Example.
(117173 = 14117172 411717% = (14+117)(1417%) = 1, 0(117) -, 0 (17%)

We noticed that for all three of these functions we were using the same set
of mivisors for all ¢ given any n. The values of ,,,7 and ,,,0 did not change
as ¢ varied, and ,,, ¢; only changed with ¢ because p; changed as ¢ varied. It is
because of these problems that we changed our functions to use ;1.

4.4 The Functions ,,,¢;, m,7, and ,,,0;

We tried to see if our function would make more sense if the set we took
the sum over changed with i as well, so we included ;; in our formulas for
ma @iy myTi, a0d m,0;. To make our function different for different values of i,
we consider ,,, fi(n) = m, fi 0¥ 1(n). In particular,

Definition 16.

ma®i(n) = mdi(Vin(n) = > p(d)= 7

deM (i,1(n))
Example.
22-3

na2(2) = (~17 o+ (-1 222 4 (1)

123
3

Fortunately, ,,,®; behaves nicely, as we see in the following.

+ (1) =2

023
1
Theorem 8. ,,,¢; s i-multiplicative.
Proof. Let m and n be i-relatively prime integers.
ma @i(mn) = m, ¢i(Yi,1(mn))
=y i(Yi,1(m) - ¥ia(n))
(
(

= 1 @i (¥i,1(M)) = s Gi(Yi1(n))
= m2¢i m) ' m2¢i(n)

Clearly, if the integer n is squarefree, then ,,, ¢;(n) = m,d:(n) = ¢(n).
Again, we use 1); 1 to fix the problem with ,,, 7;.

Definition 17.

maTi() = i T (n) = > 1

deM (i1 (n))

13



Example.
5 5
moT2(2%7) = number of mivisors of 1 1 (2%)

= number of mivisors of 2 - 3°
=922

The function ,,,7; will also always result in a power of two. In this case
the exponent is equal to the number of distinct primes in the first ¢ levels of n.
Another way to describe the results of ,,,7; is in terms of w;, which was defined
earlier. Hence, another formula is ,,,7;(n) = 2+,

Example.
maTa(37) = 22567
=93

where 23 is the total number of mivisors of ¢3,1(372) and the exponent, 3, is the
number of distinct primes of 37,

Using the corollary that states that ,,, 7 is ¢-multiplicative for all i, we can
prove the following

Corollary. ,,,7; is i-multiplicative.

Proof. Let m and n be i-relatively prime integers.

maTi(Mn) = m, 7 (i1 (mn))
= m, T(Yi,1(m) - i 1(n))
= T(Wi 1 (M) - 1, T(Yi1(n))

= maTi (m) “maTi (TL)

Example.
maT2(23775 71713177 31y = 98
—95.93
= a2 (2575 Ty (1317 31)
We re-defined ,,0; using 9;; as follows:

Definition 18.

sz’i(n) - m Oi(wivl(n)) = Z d

de]\/f(’lllll(n))

Example.

ma03(37 ) =14+3474+2+(3-7)+(3-2)+(7-2)+(3-7-2) =96

14



Using the corollary that states that ,,,o is ¢-multiplicative for all i, we can
prove the following

Corollary. ,,,0; is i-multiplicative.

Proof. Let m and n be relatively prime integers.

me0i(mn) =, 0:(; 1(mn))
= m, 0 (Yi1(m)ii1(n))
my 0 (Vi1 (m)) =y o (Yi1(n))

mo 04 (m) *mo 04 (n)

Example.

m202(7113'5192)

=14+ 7+ 112+ 54192+ (7-11%) + (7-5) + (7-19%) + (113 - 5) + (11* - 19?)
+(5-19%) + (7-11%-5) + (7-5-19?) + (7- 113 - 19?) + (11 - 5 - 19?)
+(7-11%-5.19%)

=(1+5+192+5-19%) + 7(1 +54+ 19?2 +5-19%) + 113(1 + 5+ 192 + 5 - 19%)
+7-11%(1 +5+ 19> + 5 19%)

=(1474+113+7-1131+5+1924+5-19%)

= 02 (7)) - 02 (51)

5 New-visors

While mivisors worked as a divisor of mosaics, we were displeased. We
wanted to find a divisor that did not rely on %;; in order for functions to
change as i varied. Consequently, we re-examined the functions ¢, 7, and o
with a differently structured divisor.

5.1 Definition of a New-Visor

New-visors, from new types of divisors, are the next concept analogous to
divisors which we examine.

Definition 19. A number d is a new-visor of n if d and n have the same mosaic
through the first ¢ levels and when a; is an element of the unfactored (i + 1)
row of n and b; is the corresponding element of the unfactored (i + 1) row of d,

0 <b; < a; for each a; and b;. We denote the set of i-level new-visors of n by

Note: When i = 1, new-visors are equivalent to normal divisors, unlike
mivisors which do not correspond.

15



Examples.
n=2*%.5

Ny(223" . 5) = {22"3° .5, 2278 .5 22" .5 92" .5}
Ny (229 . 5) = (229 .5, 9297 .5)
Ny (223 . 5) = {223 . 5}
Lemma. N;(mn) = N;(m) x N;(n) when m and n are i-relatively prime.

Proof. After applying the FTA to generate i levels of the mosaics of m and n, let
the unfactored powers in the (i + 1) level of m be ay, as, ..., as and let the unfac-
tored powers in the (i+1) level of n be by, ba, ..., by. Since m and n are i-relatively
prime, applying the FTA to mn would also give a1, as, ..., as, b1, ba, ..., by as the
unfactored powers in the (i + 1) level. If d is a new-visor of mn, then d has
€1,€2, ..., €s, f1, f2, ..., [t as the unfactored powers in the (i + 1) level with the
same first i levels as mn where 0 < e; < a; for j =1,2,...,s and 0 < f, < by for
k=1,2,....,t. Now let d; be a new-visor of m such that d; has the same first 4
levels as m and the unfactored powers in the (i + 1) level are ey, ea, ..., e5. Let
do be a new-visor of n such that do has the same first i levels as n and the un-
factored powers in the (i + 1) level are f1, fo, ..., fs. It follows that dy € N;(m)
and do € N;(n). Thus d; and dy are i-relatively prime and d = dids, so

Similarily, if dy € M(m) and d2 € M(n), then didy € M(m) x M(n) and
dydy € M(mn). Then the sets are the same. O

Theorem 9. If f is an i-multiplicative function, then F(n) =3 ey ) f(d),
s also i-multiplicative.

Proof. The proof follows from Theorem 6 using the set of new-visors in place of
the set of mivisors. O

5.2 The Function ,¢;

We now revisit the functions explored in the previous section. We begin
with the function ,¢;.

Definition 20.

n
n®i(n) = Z /M(d)g
deN;(n)
Example.
) 135 135 135
n¢2(135 ) = (_1)3137 + (—1)2@ + (—1)1@

We found our function ,¢; to be i-multiplicative.

Theorem 10. ,,¢; is i-multiplicative.
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Proof. Similar to proof that ,,, ¢; is i-multiplicative. O

If the mosaic of n has i levels of primes, then p;(n) = ,¢;(n) for j > i
because the only new-visor of n will be n itself. If the mosaic of n has a prime
repeated in the first i levels, then ,¢;(n) = 0 for j > i because p;(d) = 0 for all
new-visors of n.

5.3 The Functions ,,7; and ,0;

The generalized 7 function, ,7;(n), counts the number of new-visors of n.
Thus, we have:

Definition 21.

It can be easily shown that

wri(n) = [J(a; +1)
where a; is an element of the unfactored (¢ + 1) row of n.

Examples.
nm2(28) =5+1=6

WMy =23 41 =24
W2 (28 T = (54 1)(1+1) = 12
By Theorem 9, we find
Corollary. ,7; is i-multiplicative for all 1.

Example.
Wma(3% T = 24 D1+ 1)(19+ 1)
=120
=3-40

2 19
= n1a(3%) (T

The generalized ¢ function, ,0;, sums the new-visors of n, therefore,

noi(n) = Z d

deN;(n)

Definition 22.

Examples.
5 0 1 2 5
n09(23) =2% 423 428 4. 423

n02(711) _ 7110 + 7111
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Again, by Theorem 9 we see
Corollary. ,o; is i-multiplicative for all 1.
Example.
n02(1977 . 7213y = 195° . 720187 4 195" 2180 4y 197 7218
= 102(19%) - oy (T513)

6 Trivisors

Neither the mivisors nor the new-visors had all of the properties of divisors
that we wanted. In particular, we want a type of divisor that will allow us to
use the notion of a greatest common divisor of two mosaics, always have 1 as a
divisor of the integer, and change as 4 varies.

6.1 Definition of a Trivisor

We define trivisors, from third divisor, as follows.

Definition 23. Let n = pi"p5? - - - pp*.
For each pj, a prime i-trivisor of n is p?j expanded through ¢ levels with
multiplicities above the " level truncated, denoted P;.

Pj(aj A denotes p?j expanded through ¢ levels including the mul-
tiplicities a;1,a; 2, - ,ajs; on the it" level.

a5,1,05,2, 55,5 ;)

Ifn= H?zl Pj( 77, then an i-trivisor of n is

(a‘) ]-v

bjabjz, bjs,
(b) Pj( 51052 b 5) where 1 < b; < aj, or

(¢) a product of 1-relatively prime i-trivisors from part (b).

Example.
" — 235-15 ) 37112

T3(23547_5 ' 37112) _ {1 23547_5 3711 37112 23547_5 ' 3711 235-15 ) 37112}
Note: Of these 3-trivisors, 23° % and 37" are prime 3-trivisors.
Lemma. T;(mn) = T;(m) x T;(n)

Proof. Let m and n be i-relatively prime integers such that m = p{*p5? - - - pi*

and n = qlﬁ 1q§2 ---qP«. After applying the FTA to generate i levels of the

mosaics of m and n, let

u
(aj,1,a5,2, sa5,r:) (bj,1,b5,257 5bj,5.)
m:HP- J andn:HQ4 7
J J
Jj=1 Jj=1
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Since m and n are i-relatively prime, mn = pJ*pg? - -p?*qfl qu oo and
S| YT A Bit bz b))
- aj 1,052, " ,aJ)Tj H 5,1595,2577 505, 5
mn = H P Q; :
=1 =1

If d is an i-trivisor of mn, then

v w
d = H PI;(Ck,th,zw' 1Chyry,) H Q;C(ek,hek,z,“-,ek,sk)
k=1 k=1

where for each k, P,; = P; for some j and 1 < ¢; ¢ < aj¢. Let di be an i-trivisor

of m such that dy =[], _, Pk(cmcmw )

that do =[], Qk(ek’l’ek’2’m’ek’s’“). It follows that di € T;(m) and dy € T;(n).

Then d; and dy are i-relatively prime and d = dyd, so d € T;(m) x T;(n).
Similarly, if dy € T(m) and dy € T(n), then dids € T;(m) x T;(n) and

dydy € T;(mn). Therefore the sets are the same. O

. Let dy be and i-trivisor of n such

We need this lemma for the proof of the following theorem.

Theorem 11. If f is an i-multiplicative function, then F(n) = ZdETi(n) f(d)
1s also i-multiplicative.

Proof. Follows from Theorem 6. O

Definition 24. The greatest common é-trivisor of m and n, GCT;(m,n), is the
greatest common product of prime ¢-trivisors and exponents.

Examples.
GCT3(2%, 2-5) =1

10
35

20 10
GCTs(2¥ 37, 2% .7)=2

Definition 25. Two integers m and n are GCT; relatively prime if and only if
GCT;(m,n) = 1.

6.2 The Function ;¢;

Using the idea of GCT; relatively prime allows us to define a new generalized
¢ function that is based on the original definition of the ¢ function rather than
just the formula. That is, ;¢;(n) is the number of integers GCT; relatively
prime to n that are less than or equal to n. Unfortunately, ;¢;(n) is NOT an
i-multiplicative function.

Example.
t$2(2) =1
1$2(3) =2
1$2(2 - 3) = 3 #4 $2(2) -+ $2(3)
However, it is still of interest to us because by counting something it serves
a purpose that the other ¢ functions do not.
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6.3 The Functions ;7; and ;o;

Similar to previous sections, we let ;7; count the number of i-trivisors of n.
Thus,

Definition 26.

tTi(n) = Z 1

deT;i(n)
where T;(n) is the set of i-trivisors of n.

Example.
n — 711.1352

T3(711'1352) = {1, 711-1351’ 711-1352}
2 52
t7_3(711-135 ) _ ‘T3(711~135 )‘ =3
By Theorem 11, we find
Corollary. ;7; is i-multiplicative.
Example.
7 7
12(5%% 3717 = 64
=8-8
= 7a(5%5) - (377

We were able to find and prove another formula to compute ;7; using the
preceeding corollary and the following lemma.

Lemma. Let p be a prime and o be a positive integer, then ,7;(p®) = ([ a;)+1
where a; is an element of the unfactored (i + 1) level of p* = plaaz,...ak)

Proof. 1 is an i-trivisor of p® and so is Piba, b)) where 1 < b; < aj for all j.
Since there are []a; ways to select the set (b1,b2,...,b;), there are ([Ja;) +1
i-trivisors of p®. O

Theorem 12. Let n have the prime factorization n = p'p3? ---p%=. Then

S

tTi(n) = H ((H aj) + 1)

k=1
where a; is an element of the unfactored (i + 1) level of pp*.

Proof. Because ;7; is i-multiplicative for all 7, we see that

(%

17i(n) =17 (PYPS* ) = omi(p1)emi(p2?) - e (PS)-
Inserting the values from the lemma, we see that

S

i) =TT ((ITes) +1)

k=1
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Examples.
3,
w3 +1) =8

(1719 = (1.3.1) +1 =4
The function ;0;(n) sums the i-trivisors of n.

toi(n) = Z d

deT;(n)

Definition 27.

Examples.
2 2
. 73(7511 ) 1 7511 7511

32 3

) 45 e ) e
0a(28 3)=1+2% +2% +3+(2% 3+ (2% -3)
Again, using Theorem 11 we obtain
Corollary. ;0; is i-multiplicative.
Example.
02(28 - 137) =14+ 28+ 2% 4137 + 137 4+ (23 137)
+ (25137 + (28 137) + (287 - 137)

— (14+ 23 4+2%)(1+137 +137)
= 105(2%) - 102(137")

7 Future Work

In conclusion, we generalized several number theoretic functions in terms of
the levels of the mosaic and explored their properties, building on the work of
Mullin and Gillman. Further, we re-defined the notion of a divisor for mosaics
in three ways so we could generalize the functions ¢, 7, and o, all of which have
divisors in their classical definitions. Although our concepts of a divisor were
helpful, none were perfectly analogous to the normal divisor of an integer. In
the future, we could generalize more number theoretic functions and properties
to the mosaic of n, as well as perfecting our notion of a divisor in terms of

mosaics.

21



References

[1]

2]

Richard Alan Gillman, Some new functions on the mosaic of n, Journal of
Natural Sciences and Mathematics 30 (April 1990), 47-56.

, k-distributive functions on the mosaic of n, Journal of Natural Sci-
ences and Mathematics 32 (April 1992), 25-29.

Albert A. Mullin, On a final multiplicative formulation of the fundamental
theorem of arithmetic, Zeitschr. j. math. Logik und Grundlagen d. Math. 10
(1964), 159-161.

, A contribution toward computable number theory, Zeitschr. j. math.
Logik und Grundlagen d. Math. 11 (1965), 117-119.

, On mobius’ function and related matters, America Mathematics
Monthly 74 (November 1967), 1100-1102.

, On new theorems for elementary number theory, Notre Dame Jour-
nal of Formal Logic VIII (October 1967), 353-356.

22



