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Abstract

Noise-induced stabilization is the phenomenon where a system of or-
dinary differential equations is unstable, but by adding randomness, its
corresponding system of stochastic differential equations is stable. It has
been proven that unstable Hamiltonian systems cannot be stabilized by
adding constant noise, where global stochastic boundedness is our notion
of stability. In this study, we investigate adding nonconstant noise to
two classes of Hamiltonian systems to achieve noise-induced stabilization.
Our method for proving noise-induced stabilization consists of construct-
ing local Lyapunov functions on various subsets of the plane, and then
smoothing them together to form a global Lyapunov function defined on
the entire plane. We also pursue the minimum noise necessary for stabi-
lization of these systems.

1 Introduction

1.1 Background & Definitions

The deterministic setting that we are considering in this paper is that of Hamil-
tonian systems. To begin, we give the definition for Hamiltonian systems below.

Definition 1.1 (Hamiltonian System). A Hamiltonian system of differential
equations is a first-order, autonomous system of two differential equations of the
form

dx(t)  OH
dy(t OH
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where H(x,y) is an infinitely differentiable function called the Hamiltonian func-
tion.

For any Hamiltonian system, the Hamiltonian function H(x,y) is constant
along every solution curve. This fact is illustrated below
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Because the Hamiltonian function is constant along every solution curve, we
know the deterministic behavior of its solution curves. This is significant for
our main interest of noise-induced stabilization. Noise-induced stabilization is
the phenomena where an unstable system of ODEs, after adding noise, has a
corresponding stable system of SDEs. It is impossible for a Hamiltonian system
to be stabilized by noise that is constant in space. Previous work [AGKK17], has
proven stabilization of Hamiltonian systems with constant noise by also adding
a small deterministic perturbation that breaks the Hamiltonian structure. In
this work, we achieve noise-induced stabilization by adding non-constant noise
(multiplicative noise) to the unstable Hamiltonian systems. This produces a
system of SDEs shown here

dX(t dB1(t
df ) —hy(x,, 7)) +01(Xt,m)%
ay(t) dB(t)
= bo(X¢,Y:) + UQ(XtaYt)T
where b; = %—H and by = —6—{:, o1 and o9 are non-constant noise coefficients,

and By and By are independent Brownian motions.

While there are several different types of stability, we are interested in a no-
tion of global stability or global stochastic boundedness. We give this definition
of stability below.

Definition 1.2 (Stable). (X (t),Y(¢)) is stable if for all initial conditions and
all € > 0, there exists a bound M, such that P(|(X(¢),Y(t))] < M) > 1 —
€ forallt.

Then, there is a well established theorem that the existence of a Lyapunov
function implies the stability of an SDE [KM11]. We give the definition for a
Lyapunov function below.

Definition 1.3 (Lyapunov Function). A function V(x,y) is called a Lyapunov
function if it satisfies the following three properties

1. Ve C®(R),

2. lim [ inf V(m,y)} = 00,
r—=00 | (z,y)€(RNBE)

3. lim sup  (LV)(z,y)| = —o0
"0 | (=) E(RNBY)



where
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or oy 2
is the genmerator corresponding to the system of SDFEs.

Now we can move onto a sketch of our method for proving the existence of
such functions.

1.2 Proof Method

In sections 2 and 3, we examine two different Hamiltonian systems by first
giving an introduction to each. In these introductions, we include a description
of the Hamiltonian function, corresponding system, and deterministic solution
curves. We then move onto the main theorem for each Hamiltonian and its
corresponding proof.

We use the same proof method for both theorems, which is based upon the
meta-algorithm described in [AKM™12]. To begin, we section the plane into
regions. In each of these regions, we have an associated local Lyapunov function,
which is simply a function that meets the three criteria from Definition 1.3 on a
subset of R%2. On the sections of the plane that are non-overlapping, we define
the function to be the local Lyapunov function that works only on that part
of the plane. However, for the overlapping regions we describe the function as
the convex combination of the two local Lyapunov functions that work on that
region. We want the transition through the overlapping area to be smooth and
so we use a mollifier function ¢(t), defined below

o(t) = M where ¥(t) = {

exp(ﬁ) forO<t<1
JZo (s)ds

0 otherwise.

Using ¢(t) we patch the local Lyapunov regions together so that we can
move smoothly from one local region to another, which allows us to construct
our global Lyapunov function. Once this is complete, we can declare that the
system is stable, completing our proof.

n

2 Hamiltonian System with H(x,y) = cx™y
We consider the Hamiltonian function
H(z,y) = cx™y"

where ¢ is some nonzero constant and m and n are integers greater than or
equal to 2. The corresponding Hamiltonian system (x¢,y;) is the solution to the
following two-dimensional system of ODEs:
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Figure 1: Phase portraits of the deterministic Hamiltonian system with
H(z,y) = cx™y™, ¢ > 0, and m = n where m,n is even (left) and m,n is
odd (right).

dry OH m n—1
7dt = 78:[/ = CNITy Yy
dyt OH m—=1,n

We observe that both the z-axis and the y axis consist of a continuum of
equilibrium points. Since the Hamiltonian function is constant along all solution
curves, the solution has the property that

—-m/n
Tt

Yt = Yo ( > .
Zo

Some of the solution curves for this system are illustrated in Figure 1.

Theorem 2.1. The Hamiltonian system corresponding to H(x,y) = cx™y",
where ¢ # 0 and integers m,n > 2, is stabilized by noise coefficients

{elw for |z > 1 {m for [y > 1
o1 = and oy =

€1 for|z| <1 € for ly| < 1.

Figure 2 shows two simulations corresponding to the SDE referenced in The-
orem 2.1, with ¢ = €; = €2 = 1 and two different values of m = n. The figure
shown has been zoomed in about the origin so more detail could be shown.
With an initial condition of (1,1), the process for both of these simulations
are bounded, so the process was stable in these simulations. Due to the non-
degenerate noise, there was a quasi-periodic motion of the process as the solution
curve traveled throughout all quadrants.
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Figure 2: Simulation of SDE from Theorem 2.1 with m = n = 2 (left) and
m =n = 3 (right).

We prove this theorem with the following lemmas and the resulting global
Lyapunov function. We begin with local Lyapunov functions that cover different
portions of the plane, and later patch those areas together after defining their
overlap regions.

Lemma 2.2. There exists a; > 0 such that Vi = |z|™P is a local Lyapunov
function on the region Ry = {(z,y) : ly| < 2a and |z| > 1} where 0 < p <
min{xX, 1} and 0 < a < a;.

Proof. First, note that V; meets the first and second conditions for a Lyapunov
function in R4, depicted in Figure 3. For the third Lyapunov condition we apply
the generator in to get

£V = enmpla] " sgn()e ™y + ST mp(mp — 1)|a] "7~
= cnmpla|™P "y 4 S mp(mp — 1)|e] "
= mp|z|"? (cnmmlynl + %e%\x|2r*2(mp — 1)>
< el (nllla™ ! (20)" 4 el 2 mp - ).
Thus, LV; — —oc as |z| — oo whenever 2r —2 >m —1 = r > ™l gince

2
mp —1 < 0. When r = mTH, and hence 2r — 2 = m — 1, LV} still converges to

—00 as |z| = oo as long as a is sufficiently small. Therefore, there exists a; > 0
such that £V] is a local Lypaunov function on R; for any a < a;. O

Lemma 2.3. There exists ay > 0 such that Vo = |y|™ is a local Lyapunov
function on the region Re = {(z,y) : |z| < 2a and |y| > 1} where 0 < p <
min{X, 1} and 0 < a < as.



Figure 3: The region, R1, where Vi works as a local Lyapunov function

Figure 4: The region, Ro, where V5 works as a local Lyapunov function



Figure 5: The region, R3, where V3 works as a local Lyapunov function

Proof. First, note that V5 meets the first and second conditions for a Lyapunov
function in R, depicted in Figure 4. For the third Lyapunov condition we apply
the generator to get

_ _ 1 _
LVy = —cmnply|"" ™ sgn(y)a™y" + Selyl* np(np — 1)ly["

1 m— 1 _
= —emnply|["*a™ "y 4 Syl P np(np — 1ly["”

T 1 _
= nply|"? (—ema™ "y T+ Sy (np — 1)

_ _ 1 _
< nply|™ (mlel(20)™ " y|" Tt + Se5ly* P (np — 1)

Thus, LVa — —o0 as |y| — oo whenever 2s —2 >n —1 = s > 2L since
np—1< 0. When s = "7“, and hence 2s — 2 = n — 1, LV; still converges to
—o00 as |y| — oo as long as a is sufficiently small. Therefore, there exists az > 0
such that L£V5 is a local Lypaunov function on Rs for any a < as. O

Lemma 2.4. V5 = |z|™P|y|™ is a local Lyapunov function on the region
Rs={(z,y) : [yl > a and |z| > a} where 0 <p <min{Lt, 1} and 0 <a < 1.

Proof. First, note that V3 meets the first and second conditions for a Lyapunov
function in R3, depicted in Figure 5. For the third Lyapunov condition we apply
the generator to get



m—1,n
Y

Loz = cnmpa™y" " x["PHy["Psgn(z) — enpma [P [y["P  sgn(y)

1 _ 1 _
+ goimp(mp — 1)z [y|" + Soznp(np — 1)fz|™ |y
— |$|mp‘y|np (cnmpxm—lyn—l _ Cnpmxm—lyn—l)

(1 1 1 1
+ |z|"Ply|™P <20fmp(mp 5+ §0§np(np - l)yg)

(1 11 1
= oy (Gotmptonn ~ 1) + gotup(on — 1)

We now consider 3 cases of different noise coeflicients that will vary over the
region Rs.

Case 1: {(z,y) : |z| > 1,y > 1} = o1 =elz|", 02 =ealy|®
(1 11 1
LVs = |z["P[y|"P <20?mp(mp —1)— + 508mp(np - 1)y2>
m n 1 r— 1 s—
— Lol getmp(mp = )i+ Sebmplop — 1)l2)

This will go to negative infinity as |(z,y)| — oo in the region {(z,y) : |z| >
Lyl > 1}

Case 2: {(z,y) : a < |z| < 1,|y| > 1} = o1 =e€1, 02 = eay/®

(1 1 1 1
LV3 = |z|™P|y|"? (f%mp(mp 5+ gvgnp(np - l)yg)

m n 1 1 1 s—
= Lol (ebmpton — 1) + Gedmplop — Dy~

1 1
< 1o (gematimp — a2 4 Sbuplap — 1)(2a) ™1y

This will go to negative infinity as |(z,y)| — oo in the region {(z,y) : a < |z| <
Lyl = 1}.

Case 3: {(z,y) : x| > 1L,a<|y| <1} = o1 =¢€1|z]", 02 =€
| 11 1
LVz = |z|"P|y["? (20%mp(mp - 1); + §0§np(np - 1)y2>
mp|,,|np 1 2 2r—2 1 2 1
= la| Py germp(mp — D™ + genp(np — 1);2

1 1
< fol (Gebmp(mp = Dlal?" 20" + Juptonp - a2



Figure 6: The region, R1 N Rg3, where Vi3 works as a local Lyapunov function

This will go to negative infinity as |(z,y)| — oo in the region {(z,y) : |z| >
l,a <ly| <1}.

From the above cases, we know that £V3 will go to negative infinity over the
parts of R3 that go to infinity O

We utilize a local Lyapunov function that works over the overlap regions
(shown in Figure 6) between the regions shown in Lemma 2.2 and Lemma 2.4.
This local Lyapunov function is a convex combination of the local Lyapunov
functions of Lemma 2.2 and Lemma 2.4. This convex combination allows us to
smoothly transition from one local region to another.

Lemma 2.5. There exists 0 < a1z < 1 such that Vi = ¢V1 + (1 — ¢)V5 is a
local Lyapunov function on Rq N Rs where 0 < a < ai3, ¢ = d(wis(z,y)) is a
smooth function from [0, 1], and

2a —
w13(m7y) = Tw"

Proof. Since the first two Lyapunov conditions hold for V; and V3, the first two
conditions hold for Vi3. Then, applying the generator we get

LVi3 = L[pV1 + (1 — ¢) V3]
=oLVi+ (1 —@)LV3+ (Vi — V3)LP
500 0(V1 — V3) 200 0(Vy — V)
+ e or + ‘7287, dy



For the first two terms we have

1 m— 1 .
¢Lvy + (1 — ¢)Lvs = glz|™ (cmnpy" '™ ' + 56?I$I2 *mp(mp — 1))

1 m r— n 1 n
+ (1= )5 |2 (etmp(mp — 1)z ~?[y] ”+€§np(np*1)?\yl ?)

1
< ol (lemnplel™ 2l + G3alHmptonp 1))

1 m T— n np—
+ (L )2 (cmp(mp — D)2y + Enp(np — Dly|"?)
Since a < |y| < 2a, we get
m m— n— 1 r—
< ofal" (Ielmnpla]" (20)" " + 5ol mp(mp 1)
1 m T— n np—
(L @) Sl (Emp(mp — Dlef2a" + nplnp — 1)|2a]"7~2)

1
< || (|elmnplz[" 7 (20)" T + 56?I$|2T_2mp(mp — (¢ +a"(1-9))

Then for (V4 — V3)Lp13 we have

- 1 —1\?
(1 = v3)Lo13 = (Jal™ — [a]"7[y|") (—cmxmly%’sgj(y) +30 () )

We can say that ¢’, ¢ < M for some positive real number M.

M 1,M M 1,M
< ™ (mlelle™ " — + Se3—5) + L™ (mlel 2"y — S5 ly[™)
_ M 1 ,M _ M 1 M
< |2l (mlell2|™ " 2a]" — + S5 —5) + |2 (mle|z| " a" TP = Selal"P )

1,M
2?42

(1 —a"))

— M n n-+n.
= [2[" (mlell2™ T = ((20)" +a" ) +

Now, for the final two terms we have

28¢5(V1—V3)+ 200 0(V1 — V3)

19z ox 0287, dy
d _
= —€§¢'@np|x|mp|y|"p 'sgn(y)

—sgnly m np—
= 36/ (B ey s )

np m np—
< &0/ ("D)laf" (20)
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Figure 7: The region, Ro N R3, where Vo3 works as a local Lyapunov function

When 2r — 2 > m — 1, the magnitude of the first two terms in LV;3 go to
infinity at a faster rate than all the other terms. Since these first two terms
are negative, it follows that Vi3 goes to negative infinity when the generator is
applied.

When 2r — 2 = m — 1, LVj3 is less than or equal to a function which is
asymptotic to

[ (elmnp(20)" 6+ dmp(mp — 1)(6 + " (1 — 6)) + mlel - ((2a)" + a"F"7).
Because the positive terms in the above expression contain the constant a to the
n — 1 power or higher, we can choose a sufficiently small so that that magnitude
of the positive terms is always smaller than the magnitude of the negative term.
Thus, there exists 0 < aj3 < 1 such that Vi3 meets the third condition for a
Lyapunov function for any 0 < a < a3. O

We utilize another local Lyapunov function that works over the overlap re-
gions (shown in Figure 7) between the regions shown in Lemma 2.3 and Lemma
2.4. This local Lyapunov function is a convex combination of the local Lyapunov
functions of Lemma 2.3 and Lemma 2.4.

Lemma 2.6. There exists 0 < ag < 1 s.t. Vaog = ¢Vo + (1 — ¢$)V3 is a local
Lyapunov function on Re N R where 0 < a < 2a < ag, ¢ = d(was(x,y)) is a
smooth function from [0,1], and

2a — |y

WQS(xay) = a

Proof. Since the first two Lyapunov conditions hold for V5 and V3, the first two

11



conditions hold for V53. Then, applying the generator we get

LVo3 = LI[pVa + (1 — ¢) V3]
= ¢LV2 + (1= ¢)LV5 + (Vo — V3)Lo
23¢3(‘/2—V3) Yo 25¢ o(Va — V3)
Loz Jr 2oy y

For the first two terms we have

1
Lvs + (1 — ¢)Lug = dly[™ (—cn’mpy”_lﬂcm_1 + §6§|y|23_2np(np — 1))
n m 1 m S—
+ (1 — ) ly|"?(e3mp(mp — 1)|z|"? — +€2np(np—1)|x| Ply[>*7?)
< @ly|™” (ICIWm;DyI”‘I%I’”‘1 + §6§|y\28‘2np(np — 1))

+(1 - ) |y (e mp(mp — 1)|$|m” + eznp(np — 1) |z [y[>*~?)
We know a < |z| < 2a
n M1y n— 1 o
< |yl (lelmnpa™ " |y" 6 + S€5ly[* P np(np — 1))
n 1 mp— 1 S— m
+ (1= )yl (561 (2a)™*mp(mp — 1) + S&3|y[**~*a"np(np — 1))
< np m—1|,|n—1 1 2|,.125—2 -1 mp (| _
< [y (|e|mnpa™ " y|" " é + 262|y| np(np — 1)(¢ +a™(1 — ¢)))
1 _
~ Segnp(np = DIy [yl* (¢ +a™ (1= ¢))

Then for (V4 — V3)Lpe3 we have
—sgn(z) 1 -1\°
(12— v0) L2 = (1™ — 2™}y ") <m: o= ey () )
a 2 a
we know ¢’ and ¢ are bounded, let them be bounded by M

&)

o M
™)

1
21
M

M
<y kel g = +

+ Iy (el ™yt = — et
M 1 ,M

< np my, |n—1-" -

<yl nlela™ g 2+ 6 )

(el (2a)™ Py — S

N 2

)

2
€

(1—a™))

N =
IS

- M m m-+m,
= [y (nlelly]" ™ —(a™ + (20)""™7) +
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Figure 8: The region, Ry U Ry U R3, which depicts the region where V(z,y) is
defined

Now, for the final two terms we have

96 0(Va — V3) 96 0(Vo — V3)
2 299 2,277 2/
191 Ox Ox T a0 oy dy

dr _
= €?¢’%(—mp|x|mp 'sgn(z)|y|"")

= 20 (T gl sy )

mp _
< €?¢/(7)|20|mp y|™?

When 2s — 2 > n — 1, the magnitude of the first two terms in £LV53 go to
infinity at a faster rate than all the other terms. Since these first two terms
are negative, it follows that Vo3 goes to negative infinity when the generator is
applied.

When 2s — 2 = n — 1, LV,3 is less than or equal to a function which is
asymptotic to

17+ (elmnp(2a)™ 6+ Senp(np — 1)(6 -+ @™ (1 ) + nle| = ((20)" +a™ 7)),

Because the positive terms in the above expression contain the constant a to the
m—1 power or higher, we can choose a sufficiently small so that that magnitude
of the positive terms is always smaller than the magnitude of the negative term.
Thus, there exists 0 < ao3 < 1 such that Va3 meets the third condition for a
Lyapunov function for any 0 < a < aso3. O

From the above lemmas, we construct a global Lyapunov function V(z,y)
that works over the entire plane; i.e., it satisfies all three criteria for being a
Lyapunov function. For the final choice of a in the regions depicted in Figure
8, we choose a < min{ay, as, a3, ass}. We then define

Vi) V(z,y) for 22 +y? > 4
x’ = . oy
Y arbitrary positive and smooth for 22 + y2 < 4
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where V (x,y) is a piecewise Lyapunov function that works over the parts of the
plane, depicted in Figure 8, that go to infinity, given by

Vi(z,y) for (z,y) € R1NRENRS
Va(z,y) for (z,y) €e RiNRaNRG
V(z,y) =< Va(z,y) for (z,y) € RENRENR3
Vis(z,y) for (z,y) € R1NRENR3
Vag(z,y) for (z,y) € R{NR2NRs3.

3 Hamiltonian System with H(z,y) = cy"e®®"

We consider the Hamiltonian function

m

H(z,y) =cy"e™”

where c is some nonzero constant, « is positive, m and n are integers greater
than 2, and m is even. The corresponding Hamiltonian system (xy,y;) is the
solution to the following two-dimensional system of ODEs:

dl‘t aH —1 m
o oy
dyt 8H —1 m
T —acmz] " ypet .

We observe that the z-axis consists of a continuum of equilibium points.
Since the Hamiltonian function is constant along all solution curves, the solution
has the property that

LT
azy

Yt = Yo& "
Some of the solution curves for this system are illustrated in Figure 9.

Theorem 3.1. The Hamiltonian system corresponding to H(x,y) = cye "
where ¢ # 0, a > 0, integers m,n > 2, and m is even, is stabilized by noise
coefficients

o1 = e1e™*" with B>

B {ezw for [y|
09 =

(1)

@
2
=

. (n—1)a n+1
1 with s > 5ra—0s + "5+ @)

€9 for ly| <1

for any €1,€e2 # 0.
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Figure 9: Phase portraits of the deterministic Hamiltonian system with
H(z,y) = cy"e®®”, ¢ > 0, and m even where n is even (left) and n is odd
(right).

We prove this theorem with the following lemmas and the resulting global
Lyapunov function. We begin with local Lyapunov functions that cover different
portions of the plane and patch those areas together after defining their overlap
regions.

Lemma 3.2. Vi = |z|P is a local Lyapunov function on the region
Ri={(z,y) : |yl <2a and |x| > 1} where 0 <p <1 and a > 0.

Proof. First, note that V3 meets the first and second Lyapunov conditions on R,
depicted in Figure 3. For the third Lyapunov condition we apply the generator
to get

.1 .
LVy = enpla|"~ sgn(a)y" e + Sete?™ p(p — 1)|af"?

cnp|x\pgemm + i6262ﬂ$mp(p — D)]z?
T 2721

n—1

o Yy az™ 1 2 2Bz™

= p|x\p(cn76 +5zee Fe (p — 1))
(2a)n—1 az™ 1 ™

< plaf? (Jeln=—=—e™" + ot (p— 1))

Thus, LV] — —o0 as |z| — 0o whenever 25 > « since p — 1 < 0. O

Lemma 3.3. Vo = |y|P is a local Lyapunov function on the region
Ro =A{(z,y) : |z| <2a and |y| > 1} where 0 < p <1 and a > 0.

Proof. First, note that V5 meets the first and second Lyapunov conditions on Ra,
depicted in Figure 4. For the third Lyapunov condition we apply the generator

15



to get

m—1, n_az™

) 1, o B
LVy = —acmplyP~ sgu(y)a™ "y e + Se3ly*p(p — 1)ly[P?

2
= —acmply’a™ 1y e+ Al - iyl
= plyl?(— aema™ 1y e 4 Sy p - 1))
< plyl?(— alelma™ 1y e 4 By (p — 1)
< plyPP( — oldm(2a)™ "ty e 4 L y22(p 1))

2

Thus, LV, — —o0 as |y| — oo whenever 25 —2 >n—1 = s > 2t gince
p—1<0. O

Lemma 3.4. V3 = |z[P|y|? is a local Lyapunov function on the region
Rs={(z,y) : |yl > a and |z| > a} where 0 <p <1 and a > 0.

Proof. First, note that V5 meets the first and second Lyapunov conditions on Rg,
depicted in Figure 5. For the third Lyapunov condition we apply the generator
and consider two cases

Case 1 (Jy| > 1):

m—1, n_az™

LV3 = eny™ e plaPsgn()|y|P — acma™ e |a|Pply[P sgn(y)

1 . - 1 -
+ 56?62‘” p(p = Dl lyl” + Seslyl* = "p(p = Dly/"~?

n—1
Pt p|x|p|y|p o acmxmflynfleaz

y
=cn |lz[Pply[P

1 o 1y e
+ 1 p(p — 1)|xfP |yl + Sy lelPp(p = Dyl

2x
Yt e -
= plz|P|y|P (cn=——e**" — acma™ 'y e
T
1 m 1 -
+ ﬁE%EQBI (p _ 1) + §€§|y|25 2(p . 1))
Yyt
< pla”lyl” (leln e — alc|ma™ Ty e
x
1 L
+ ﬁefe%’x (p—1)+ 56§|y|2s 2(p . 1))
Yyt
< p\x|”\y|p(\c|n e — a|C|mxm_1y"—1ea;c

1 m 1 _
b e (o 1) + Ly - 1)
When |y|"~te®” << e2*" the dominant term in LV3 is sizefe?#” (p — 1),

which conver This inequality holds for R when § > § and s > 2((7;;?2) + odl,
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Case 2 (ly| < 1):

LVs = cny™ e pla[P  sgn(@)|y[P — acma™ Ty e |z[Pply[  sgn(y)

1y paum _ 1 )
+ 56?825 p(p = D]yl + Sesla"p(p — Dyl

n—1
e plafP|y|” — acma™y" e | Pply|?

=Ccn

1 - 1
+ ﬁ‘f%@w p(p — 1)|z|P|y|P + Ty2€§|$\pp(p = Dlyl?

ynfl
= plallyl? (en?—e

az™ m—1, n—1_az™

—acmx™ 1y e

1 - 1
1 ﬁefew (p—1)+ @65(1) - 1))
n—1

Yy az™ m—1 nfleazm
x

< plafPlylP (leln"——e""" — alcjma™"y

1 - 1
T ﬁefezﬁ (p—1)+ ﬁei(p —1))

1 m
o~ 2—:626%625”” p—1)

Thus LV3 — —oc as |(z,y)| — oo in R3 since # > § and p — 1 < 0. O

We utilize a local Lyapunov function that works over the overlap regions
(shown in Figure 6) between the regions shown in Lemma 3.2 and Lemma 3.4.
This local Lyapunov function is a convex combination of the local Lyapunov
functions of Lemma 3.2 and Lemma 3.4. This convex combination allows us to
smoothly transition from one local region to another.

Lemma 3.5. Vi3 = ¢Vi+ (1 —¢)V3 is a local Lyapunov function on Ry NR3 =
{(z,y) : |z| > 1 and a < |y| < 2a} where a > 0, ¢ = d(wi(z,y)) is a smooth
function from [0,1], and

2a — |y|

“ﬂS(x7y):: a

Proof. Since the first two Lyapunov conditions hold for V; and V3, the first two
conditions hold for Vi3. Then, applying the generator we get
LV13 = L[pV1 + (1 — ¢) V5]
=¢LV1 + (1 - )LV + (V1 = V3)Lo
99 o(Vi — V3) ¢ (Vi — V3)
209 0(V1 — V3) 20¢ 0(V1 — V3)
ta Jr Jr to3 oy dy

For the first two terms we have
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n—1 1

m

LV + (1 — ¢)LV3 = ¢p\z|p(cny - e + 7€§€2Bz

22
n—1

y az™
+ (1= plaplyl? (en?—e

1 1
+ e (p—1) + se3ly[* 2 (p —

222 2

We know a < |y| < 2a

2a)""1 .
< gplaf? (jein B goem 4 L 20205y 1))
X

222

2a)" 1 m
(1= $)plePar (2L o
X

1
o —D+f£¥3%p 1)

212 2
2a n—1
= pla (e B

m

2 n—1 m
+ |c\n7( al ale®® (1 —¢) — a\c|mxm_1a”+"—1em (1-9)

—-1)(1-9)

1 1
o (p = 1)(1 - 9) + s

2z
< slel”(Jeln (6+a?(1 - 9))
— a|c|mxm*1ap+"*le°“’”m(l — &)

+ e - D6+ (1= 0) )

(2a)n— ! eamm
x

1 m
~ @%P(P — D]z[Pe®" (¢ + a? (1 — ¢))

Then for the third term we have

(p—1))

— acmx

1)

Y

m—1 n—leaw’”

—alelmz™ a

o+ %8””@—w¢

Lorg = (|27 = |2[P|yl?) (= acma™ Tyre" sb( ) 3 2¢”| | (—
acmx™™ 1ynea:c’” ¢/ 2¢”\y|2$
= (ol — o |y[")( - +250)

We can say that ¢’, ¢" < M for some positive real number M.
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acmla|™Hy|"e* ™ M Mly[**

< (Jal” = [ Ply[*)(

)

a 2a?
alelm|z|™ 1 (2a)"e**" M €3 M |2a)?®
< (127 — |4PaP
< (Jaf? ~ [al7ar)( ! y M,
ale|m|z|Pt™=1(2a)"e®*™ M e2M|x|P|2a|*

Finally for the last two terms we have

d¢ O(Vy — V3) 0¢ O(Vy — V3)
2 299 2,277 2
€101 b + €505 ay

dr
— 2| yl2s 4 20 pl,,|p—1
" 5 peSlul** ¢’ o/l sen(y)

~1
a
P _

= €§y|y|25¢’alx\”|y|” ?

< (2?19 [o]?[2a] 2

= —pe3ly|**¢'— |2 |Plyl"~ ' sgn(y)

The first two terms in the convex combination are larger in magnitude when
the generator is applied. Hence, these these terms determine the behavior at
infinity. Because the first two terms go to negative infinity, it follows that Vi3
goes to negative infinity when the generator is applied. Thus, Vi3 meets the
third condition for a Lyapunov function. O

We utilize another local Lyapunov function that works over the overlap re-
gions (shown in Figure 7) between the regions shown in Lemma 3.3 and Lemma
3.4. This local Lyapunov function is a convex combination of the local Lya-
punov functions of Lemma 3.3 and Lemma 3.4. This convex combination allows
us to smoothly transition from one local region to another.

Lemma 3.6. Vo3 = ¢Vo + (1 —¢) V3 is a local Lyapunov function on ReNRg =
{(z,y) : |z| > 1 and a < |y| < 2a} where a > 0, ¢ = Pp(was(z,y)) is a smooth
function from [0,1], and

2a — ||

w23(z,y) = a

Proof. Since the first two Lyapunov conditions hold for V5 and V3, the first two
conditions hold for V53. Then, applying the generator we get

LV = L[pV2 + (1 — ¢)V3]
= oLVa+ (1= ¢)LVs + (Vo — V5)Lo

9¢ 0(Vo — V3) ¢ 0(Va — Vs)
2090 0(Va — V3) 209 0(Va — V3)
tao or Oox to3 y dy
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For the first two terms we have

-1, n—1_ax™ 1 s—
OLV2 + (1= 9)LVs = gplyl (— acma™1y" 1™ + S elly[**(p — 1))

n—1
m—1, n—1 eawm

+ (1= @)plallylP (en?—e" — aema™ 1y
xr

1y oy 1y e
+ ﬁ%ew (p—1)+ §f§|y\2 *(p-1))

We know a < |z] < 2a

m—1, n—1_aa™

1 -~
< oplyl”( = aldma™ "ty e 4 Sly* 7 (p - 1)

n
+(1- ¢)pap|y|p(|c|n7y2 2" _ alelma™lyn e
a

1 o 1, e
+ @ﬁew (p—1)+ §e§|y|2 *(p—-1))

1 o m 1 _
= plyP(— alelma™ e Sy - 1)

+ |C\ny2 apea(za)m(l —¢) — oz|c\map+m*1y"716aam(1 — )
a

1 by o apam 1 -
+ 5024 (p = 1)(1 = 0) + 5oy (0~ 1)(1 - 0))

gpw(—awmwhw“%mmw+wu—¢»

+ |c\n%apfleo‘(2“)2(1 —9)
+ A Do+ a1 - 9) )

~ L Aplp— Dy (64 a1~ )

Then for the third term we have
p P, D n—1_az™ ;1 -1 1 2 1 _2Bx™ -1 2
Lag = (ly" — [x[?|y[?) (cny™ e ¢ (7) + §€1¢ e (7) )

_cnyn—leaxm ¢/ €2¢//€2ﬁmm
= (gl — falrlyl) ("L AT

We can say that ¢’, ¢’/ < M for some positive real number M.
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enly["te*® ™ M Me2Pr"
2a?
‘C|n|y|n716a(2a)mM 62]\4e2ﬁ(2a)m
< (lyl” — a?|y[P)( + =
g+ LeeCO" A @My
+ )
a 2a2

< (lyl” = l=["ly[")(

= (1 —a?)(

Finally for the last two terms we have

€

2,20000V2a = Vs) | 5 200 0(V2 — V)
L og ox 272 9y

m . dr
_ 2 _2Bx / p—1 P
s = —peze””" ¢ — |z’ |y[Psgn(z)
1 ay 2 d’y

m ,—1 _
:—Pf%eww ¢/7\$|p "y|Psgn(x)
= e ¢ L2y
< €2e2C0" ¢'p|2a|P 2y P

The first two terms in the convex combination are larger in magnitude when
the generator is applied. Hence, these these terms determine the behavior at
infinity. Because the first two terms go to negative infinity, it follows that Vo3
goes to negative infinity when the generator is applied. Thus, Vo3 meets the
third condition for a Lyapunov function. O

From the above lemmas, we construct a global Lyapunov function V(z,y)
that works over the entire plane, it satisfies all criteria for being a Lyapunov
function.

Vi) = V(z,y) for 22 + 4% > 4
Y arbitrary positive and smooth for 22 + 32 < 4

where V (x,y) is a piecewise Lyapunov function that works over the parts of the
plane that go to infinity, given by

" (z,y) € R1 NRS N RS
v, (z,y) € RS NRy N RE
Vz,y) =4 Vs for (z,y) € RENRSNR3
Vi (z,y)
Vs (z,9)

GRlﬂRgﬁRg
ER{NR2NR3

x,

The region where V (z,y) is defined is shown in figure 8.
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4 Conclusion

In this paper we show that two different classes of Hamiltonian systems exhibit
noise-induced stabilization with the addition of multiplicative noise. We utilize
Lyapunov functions to rigorously prove the stability of the stochastic differential
equations that correspond to our chosen unstable Hamiltonian systems. The
approach we use use in this paper demonstrates a systematic process that might
be applied to stabilize other unstable classes of Hamiltonian systems.

The minimum amount of multiplicative noise required for noise-induced sta-
bilization for one dimensional systems of SDEs was explored in [AGKK17].
However, the minimum amount of multiplicative noise needed to stabilize two
dimensional systems such as the Hamiltonian systems discussed in this paper,
remains unanswered. This would be an interesting area for further investigation.
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