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Penney’s game

In Penney’s game, Alina selects a binary word of length n ≥ 3,
then Ben selects another binary word of the same length. A fair
coin is tossed repeatedly.

Ex., Alina: HHH, Ben: THH, THTTHTHTHH.

It is known that, for any word picked by Alina, Ben can always pick
a word will be more likely to appear first.
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Penney’s game for permutations

Let X = X1,X2, . . . be a sequence of i.i.d. continuous random
variables. A consecutive occurrence of a permutation σ ∈ Sk is
a subsequence Xi ,Xi+1, . . . ,Xi+k−1 whose entries are in the same
relative order as σ1, σ2, . . . , σk .

Ex., Sydney: 123, Tom: 213.
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Expected time to see the first occurrence of a pattern

For σ ∈ Sk , define the random variable Tσ as the smallest j such
that X1, . . . ,Xj contains an occurrence of σ. Let αn(σ) be the
number of permutations in Sn that avoid the pattern σ, and
denote the corresponding exponential generating function by

Pσ(z) =
∑
n≥0

αn(σ)
zn

n!
.

The expectation ETσ has a surprisingly simple expression in terms
of this generating function.

Theorem

For every σ,
ETσ = Pσ(1).
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Expected time to see the first occurrence of a pattern

Expressions for Pσ(z) for various σ have been obtained by Elizalde
and Noy (2003, 2012). For example, it follows from above theorem
that

ET12 = e,

ET123 =

√
3e

2 cos(
√
3
2 + π

6 )
≈ 7.924,

ET132 =
1

1−
∫ 1
0 e−t2/2dt

≈ 6.926.
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Probability of seeing one pattern before another

Given two permutations σ and τ , we would like to compute the
probability that σ appears before τ in X, which we denote by
Pr(σ ≺ τ).

Observation

For the decreasing pattern ρk = k(k − 1) · · · 21,

Pr(ρk ≺ 12) =
1

k!
.
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Probability that 12 precedes ρk

Define Fσ→τ as the number of further steps to see the pattern τ
after the first occurrence of σ, assuming that σ occurs before τ in
X.

Theorem

For any two consecutive patterns σ and τ ,

Pr(σ ≺ τ) =
EFτ→σ + ETτ − ETσ

EFτ→σ + EFσ→τ
.
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Probability of seeing one pattern before another

Pr(σ ≺ τ) for patterns of length 3

σ

Pr(σ ≺ τ) τ
123 132 213 231 312 321

123 – 0.5 0.412 0.551 0.342 0.5

132 0.5 – 0.462 0.476 0.5 0.658

213 0.588 0.538 – 0.5 0.524 0.449

231 0.449 0.524 0.5 – 0.538 0.588

312 0.658 0.5 0.476 0.462 – 0.5

321 0.5 0.342 0.551 0.412 0.5 –

Conjecture

Assume Sydney picks σ = σ1 · · ·σk , then the winning strategy for
Tom would be to pick σkσ1 · · ·σk−1.
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Probability of seeing one pattern before another

Pr(σ ≺ τ) for patterns of length 3

σ

Pr(σ ≺ τ) τ
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Observation

Pr(τ ≺ σ) = 1− Pr(σ ≺ τ) assuming that neither of the patterns
contains the other.
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Probability of seeing one pattern before another

Pr(σ ≺ τ) for patterns of length 3

σ

Pr(σ ≺ τ) τ
123 132 213 231 312 321

123 – 0.5 0.412 0.551 0.342 0.5

132 – 0.462 0.476 0.5 0.658

213 – 0.5 0.524 0.449

231 – 0.538 0.588

312 – 0.5

321 –

Observation

If σ̄ denotes the permutation such that σ̄i = k + 1− σi for
1 ≤ i ≤ k , then Pr(σ ≺ σ̄) = 0.5, and Pr(σ ≺ τ) = Pr(σ̄ ≺ τ̄).
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Probability of seeing one pattern before another

Pr(σ ≺ τ) for patterns of length 3

σ

Pr(σ ≺ τ) τ
123 132 213 231 312 321

123 – 0.5 0.412 0.551 0.342 0.5
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321 –

Observation

Pr(σ ≺ σ̄) = 0.5.
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Probability of seeing one pattern before another

Theorem

Let σ, τ ∈ Sk be two patterns, let an be the number of
permutations of length n that end with σ, and avoid both σ and τ
elsewhere. Then the probability that σ shows up before τ is given
by

Pr(σ ≺ τ) =
∑
n≥k

Pr(game ends at n) · Pr(σ ≺ τ
∣∣game ends at n)

=
∑
n≥k

an
n!

.
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Probability that 132 precedes 231

permutations that end permutations that end
with 123 with at most ↔ with 132, and avoid
1 valley and no peak 132 and 231 elsewhere

Pr(132 ≺ 231) =
∑
n≥3

∑n−3
i=0

(n−1
i

)
n!

=
e2

2
− e − 1

2
≈ 0.476.
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Probability that 123 precedes 213

Lemma

Let bn be the number of permutations of length n that end with
312, and avoid both 123 and 213 elsewhere. Then for all n ≥ 5,

bn = bn−1 + (n − 1) · bn−2,

with initial conditions

b0 = b1 = b2 = 0, b3 = 1 and b4 = 4.

Yixin (Kathy) Lin The first occurrence of a pattern in a random sequence



Probability that 123 precedes 213

Theorem

Let cn be the number of permutations of length n that end with
123, and avoid both 123 and 213 elsewhere. Then for all n ≥ 5,

cn = cn−1 + bn−1 + (n − 1) · cn−2,

with initial conditions c3 = 1 and c4 = 2.
Let B(x) and C (x) be the corresponding E.G.F. for bn and cn,resp.
Then

C (x) = e
x(x+2)

2

(∫ x

0

z2 + 2B(z)

2
e−

z(2+z)
2 dz

)
.

Pr(123 ≺ 213) =
∑
n≥0

cn
n!

= C (1) ≈ 0.412.
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Probability of seeing one pattern before another

Pr(σ ≺ τ) for patterns of length 3

σ

Pr(σ ≺ τ) τ
123 132 213 231 312 321

123 – 0.412 0.551 0.342

132 – 0.462 0.476

213 –

231 –

312 –

321 –

Yixin (Kathy) Lin The first occurrence of a pattern in a random sequence



Probability that 123 precedes 231

Theorem

Let d(n, i) denote the number of permutations in Sn that end with
123, avoid both 123 and 213 elsewhere, and starting with number
i . Then for all n ≥ 5 and all 1 ≤ i ≤ n,

d(n, i) =
i−1∑
j=1

d(n − 1, j) +
n−2∑
j=i

(n − 1− j)d(n − 2, j),

with d(3, 1) = 1, d(3, 2) = d(3, 3) = 0; and d(4, 1) = 0,
d(4, 2) = d(4, 3) = d(4, 4) = 1.

Pr(123 ≺ 231) =
∑
n≥0

∑
i≥0

d(n, i)

n!
≈ 0.551.

This recurrence relation is based on ’On multi-avoidance of generalised patterns’ by
Kitaev and Mansour.
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Probability that 132 precedes 213

Theorem

Let s(n; i , j) be the number of permutations that end with 132,
avoid both 132 and 213 elsewhere, and starting with numbers i
and j. Then

s(n; i , i) = 0 for all n, i ≥ 1;

s(n; i , j) =
∑i−1

k=1 s(n − 1; j , k) if i > j ;

s(n; i , j) =
∑i−1

k=1 s(n− 1; j − 1, k) +
∑n−1

k=j s(n− 1; j − 1, k) if
i < j ;

with initial conditions s(3; 1, 3) = 1, s(3; i , j) = 0 for all other i , j .

Pr(132 ≺ 213) =
∑
n≥0

∑
i≥0

∑
j≥0

s(n; i , j)

n!
≈ 0.462.

This recurrence relation is based on ’On multi-avoidance of generalised patterns’ by Kitaev and Mansour.
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Probability that 123 precedes 312

Theorem

Let t(n; i , j) be the number of permutations that end with 123,
avoid both 123 and 312 elsewhere, and start with i and j. Then

t(n; i , i) = 0 for all n, i ≥ 1;

t(n; i , j) =
∑j−1

k=1 t(n − 1; j − 1, k) if i < j ;

t(n; i , j) =
∑j−1

k=1 t(n − 1; j , k) +
∑n−1

k=i t(n − 1; j , k) if i > j ;

with t(4; 2, 1) = 1, and t(4; i , j) = 0 for all other i , j ≤ 4.

Pr(132 ≺ 213) =
∑
n≥0

∑
i≥0

∑
j≥0

t(n; i , j)

n!
≈ 0.342.
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