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Ulfarsson

Combinatorial Exploration is a new domain-agnostic algorithmic framework to automatically
and rigorously study the structure of combinatorial objects and derive their counting
sequences and generating functions. We describe how it works and provide an open-source
Python implementation. As a prerequisite, we build up a new theoretical foundation for
combinatorial decomposition strategies and combinatorial specifications.

We then apply Combinatorial Exploration to the domain of permutation patterns, to great
effect. We rederive hundreds of results in the literature in a uniform manner and prove many
new ones. These results can be found in a new public database, the Permutation Pattern
Avoidance Library (PermPAL) at this https URL. Finally, we give three additional proofs-of-
concept, showing examples of how Combinatorial Exploration can prove results in the domains
of alternating sign matrices, polyominoes, and set partitions.
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So we have;
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Tilings = sets of permutations %
7

Strategies = rigorous deductions that some tilings can
be decomposed in terms of others

N

\
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Proof Trees = a bunch of tilings, related by strategies
that are sufficient to derive enumerations,

generating functions, etc
(= combinatorial specifications))

Combinatorial Exploration = repeatedly apply strategies to
tilings until you find a proof tree
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when the giant list of rules you're generating contains
a subset that is a combinatorial specification, you win!
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Once you have a combinatorial specification, you get:

" A polynomial-time algorithm to compute the
counting sequences of the tilings involved

" A system of equations for the generating function

® Algebraic system with O or 1 catalytic variables = algebraic GF

® 2+ catalytic variables or non-algebraic system = ?77?

" Random sampling routines
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What classes can we enumerate?

" ©6/7 avoiding 1 pattern of length 4 — all except
Av(1324)

* 56/56 avoiding 2 patterns of length 4

* 317/317 avoiding 3 patterns of length 4

" And all avoiding 4-24 patterns of length 4

" Dozens of known results and dozens of new results,
and corrects several wrong results.
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What classes can we enumerate?

" 1324-avolding domino permutations

" Preimage of Av(321) under West-stack-sorting
AV(34251, 35241, 45231)

 LC| Schubert Varieties
AV(52341, 53241, 52431, 35142, 42513, 351624)

* “POP classes”

" Permutations corresponding to Schubert varieties with a
complete parabolic bundle structure
AV(3412, 52341, 635241)

" And many more!
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The Permutation Pattern Avoidance Library (PermPAL)

PermPAL is a database of algorithmically-derived theorems about permutation classes.

combinatorial objects. These specifications then lead to generating functions, counting sequence, polynomial-time
counting algorithms, random sampling procedures, and more.

This database contains 23,845 permutation classes for which specifications have been automatically found. This
includes many classes that have been previously enumerated by other means and many classes that have not been
previously enumerated.

Some Notables Successes:

» B out of 7 of the principal classes of length 4
all 56 symmetry classes avoiding two patterns of length 4
all 317 symmetry classes avoiding three patterns of length 4
the "domino set" used by Bevan, Brignall, Elvey Price, and Pantone to investigate Av(1324)
the cl
the class Av(2341, 3421, 4231, 52143) equal to the (Av(12), Av(21))-staircase (see Albert, Pantone, and Vatter),
which appears to be non-D-finite
all of the permutation classes counted by the Schroder numbers conjectured by Eric Egge
the class Av(342517, 35241, 45231), equal to the preimage of Av(321) under the West-stack-sorting operation
(see Defant)

Section 2.4 of the article Combinatorial Exploration: An Algorithmic Framework for Enumeration gives a more
comprehensive list of notable results.

The comb _spec searcher github repository contains the open-source python framework for Combinatorial
Exploration, and the tilings github repository contains the code needed to apply it to the field of permutation patterns.
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The Permutation Pattern Avoidance Library (PermPAL)

PermPAL is a database of algurithmicaliy—deriv&d theorems about permutation classes.

c:ombmatc-nal objects. These spemficatlons then lead to generating functions, cmuntlng sequence, pol:ynmmat-tlme
counting algorithms, random sampling procedures, and more.

This database contains 23,845 permutation classes for which specifications have been automatically found. This
includes many classes that have been previously enumerated by other means and many classes that have not been
previously enumerated.

Some Notables Successes:

6 out of 7 of t+'1e_pr'|r:[:-ipa! classes of length 4

the class ﬁw: ”'1 -:42!, xl a1, bz'l 3) equal to the [AUHEL Av(21))-staircase (see Albert, Pantone, and Vatter),
which appears to be non-D-finite

all of the permutation “Ia 5¢

the class ,wt 34251, 35241

Section 2.4 of the article Combinatorial Exploration: An Algorithmic Framework for Enumeration gives a more
comprehensive list of notable results.

The comb _spec searcher github repository contains the open-source python framework for Combinatorial
Exploration, and the tilings github repository contains the code needed to apply it to the field of permutation patterns.




%g PermPAL Home  Examples Search  Random

Av(1342)

Generating Function

8y -8r+1le—8224++v-B8z+1+20x+1
2(z +1)°

Copy to clipboard: ‘ latex | | Maple | | SYMpy | | Search on PermPAL

Recurrence

a(0) =1
a(l) =1
4(3 + 2n)a(n) N (=8 + Tn)a(n + 1)

=T T n+2

n>2

E

Copy to clipboard: ‘ latex | | Maple

Specification 1 Specification 2 Specification 3 Specification 4

Counting Sequence

1,1, 2, 8, 23, 103, 512, 2740, 15485, 91245, 555662, 3475090, 22214707,
144640291, 956560748, ..

Copy 101 terms to clipboard | | Search on DEIS ‘ Search on PermPAL

Implicit Equation for the Generating Function &

(z+1)°F(z)* + (822 — 20z — 1) F(2) + 16z = 0

Copy toclipboard: | fatex | | Maple Search on PermPAL

Specification 5

This specification was found using the strategy pack "Point And Col Placements Tracked Fusion”

has 29 rules.

Found on May 26, 2021.
Finding the specification took 1720 seconds.
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FL*-.l-l ’h"
thf U
F‘JHLF U
F’n[-f Hj
Fy(z,y) =
Foy(z, y)

a(z, )
Fth ?ﬂ + Fis(z, y)
= Fii(z, y) Fs(z, y)
F(.11 + Fio(z, y)
= Fa(z, ul

= Pz, y)°Fia(2,y)

= Fy7(=, y'lF;{ ) Fa(z, y)
= Fy(z) Fi7(z, y) Fy(z)
quf-'f- Yy)

= Fig(z,y) + Fos(z,y)
Fy(x,y) + Fe(z, v)
Fo(z,y)

= Fos(z, y)Fy(z)

- |'y

= Fos(, y'l + Fs(z,y)
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Av(1234,4231)  Av(1243,1324)  Av(1243,1342)  Av(1243,2134)  Av(1243,2143)  Av(1243,2314) Av(1243,2341)  Av(1243,2413)  Av(1243,2431)
(

NS/

v(1243,3421)  Av(1243,4231)  Av(1324,1342)  Av(1324,1432)  Av(1324,2143)  Av(1324,2341)

V“

Av(1324,2413)  Av(1324,2431)  Av(1324,3412) AV 1324, 4231 Av(1342,1423)  Av(1342,1432)  Av(1342,2143) Av(1342,2314)  Av(1342,2341)

S

Av(1342,2413)  Av(1342,2431)  Av(1342,3124) v(1342,3142)  Av(1342,3214)  Av(1342,3241) Av(1342,3412) Av(1342,4123) Av(1342,4213)

VNS [

Av(1432,2143)  Av(1432,2341)  Av(1432,2413)  Av(1432,3214) Av(1432,3412)  Av(2143,2413)  Av(2143,3412)  Av(2413,3142)
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Thank you!

https://permpal.com
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T(x) =1+ T)x)
T5(x) = Ty(x) + T¢(x)
T,(x) = T)(x) - T5(x)
T5(x) =x

To(x) = T5(x)? - T5(x)

d
15(x) = E(x - 17 (x))

T(x) = 1+ (x + x*)T;(x) + x3diTl(x)
X



T)(x) =1+ T5x)

T5(x) = Tx(x,1)
T3(x,y) = Ty(x,y) + T5(x, y) + Tg(x, y)
Ty(x,y) = T5(x, y) + Tg(x, y)
Ts(x,y) = To(x,y) + Tiop(x,y) + T (x,y)
To(x,y) = T5(x, xy)

T7(x7 y) =Xy
Tg(x,y) = Ty(x,y) - T7(x,y)
T9(xa y) =0







