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‣ preprint: https://arxiv.org/abs/2202.07715 

‣ Longer talk specifically about Combinatorial 
Exploration (domain-agnostic): https://vimeo.com/
687277242 

‣ PermPAL: https://permpal.com/
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We call this a tiling. 

It represents the set of permutations (really,  a set of 
gridded permutations) that you can draw on top of the 
picture such that you 

‣ Don’t make any of the red things (“obstructions”) 

‣ Do make every blue thing (“requirements”)
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F1(x) = 1 + F2(x)

F2(x) = xF3(x)

F3(x) =
1

1 − x
+ F4(x)

F4(x) = F5(x)

F5(x) =
x

1 − x
F6(x)

F6(x) = ???? F3(x) ????
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F1(x) = 1 + F2(x)

F2(x) = xF3(x,1)

F3(x, y) =
1

1 − xy
+ F4(x, y)

F4(x, y) = F5(x, y)

F5(x, y) =
x

1 − xy
F6(x, y)

F6(x, y) =
yF3(x, y) − F3(x,1)

y − 1
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So we have:

Tilings = sets of permutations

Strategies = rigorous deductions that some tilings can  
                           be decomposed in terms of others

Proof Trees = a bunch of tilings, related by strategies 
                              that are sufficient to derive enumerations, 

                              generating functions, etc 
  ( = combinatorial specifications )

Combinatorial Exploration = repeatedly apply strategies to 
                                                        tilings until you find a proof tree
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B C D E F G

H I J K L M N O P Q R S

A → (B, C)

A → (D, E)

A → (F, G)

B → (H, I )

B → (J, K )

D → (L, M)

E → (N, O)

E → (P, Q)
G → (R, S)

when the giant list of rules you’re generating contains 
a subset that is a combinatorial specification, you win! 

A
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Once you have a combinatorial specification, you get:

‣ A polynomial-time algorithm to compute the 
counting sequences of the tilings involved

‣ A system of equations for the generating function

๏ Algebraic system with 0 or 1 catalytic variables = algebraic GF

๏ 2+ catalytic variables or non-algebraic system = ???

‣ Random sampling routines
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‣ 6/7 avoiding 1 pattern of length 4 — all except 
Av(1324)

‣ 56/56 avoiding 2 patterns of length 4

‣ 317/317 avoiding 3 patterns of length 4

‣ And all avoiding 4-24 patterns of length 4

‣ Dozens of known results and dozens of new results, 
and corrects several wrong results.

SUCCESSES 19

What classes can we enumerate?



SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

‣ LCI Schubert Varieties 
         Av(52341, 53241, 52431, 35142, 42513, 351624)

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

‣ LCI Schubert Varieties 
         Av(52341, 53241, 52431, 35142, 42513, 351624)

‣ “Box classes” like Av(1□2□3) and Av(1□□32)

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

‣ LCI Schubert Varieties 
         Av(52341, 53241, 52431, 35142, 42513, 351624)

‣ “Box classes” like Av(1□2□3) and Av(1□□32)

‣ “POP classes”

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

‣ LCI Schubert Varieties 
         Av(52341, 53241, 52431, 35142, 42513, 351624)

‣ “Box classes” like Av(1□2□3) and Av(1□□32)

‣ “POP classes”

‣ Permutations corresponding to Schubert varieties with a 
complete parabolic bundle structure 
         Av(3412, 52341, 635241)

SUCCESSES 20

What classes can we enumerate?



‣ 1324-avoiding domino permutations

‣ Preimage of Av(321) under West-stack-sorting 
         Av(34251, 35241, 45231)

‣ LCI Schubert Varieties 
         Av(52341, 53241, 52431, 35142, 42513, 351624)

‣ “Box classes” like Av(1□2□3) and Av(1□□32)

‣ “POP classes”

‣ Permutations corresponding to Schubert varieties with a 
complete parabolic bundle structure 
         Av(3412, 52341, 635241)

‣ And many more!

SUCCESSES 20

What classes can we enumerate?
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Av(1234, 1243) Av(1234, 1342) Av(1234, 1432) Av(1234, 2143) Av(1234, 2341) Av(1234, 2413) Av(1234, 2431) Av(1234, 3412) Av(1234, 3421)
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Av(1324, 2413) Av(1324, 2431) Av(1324, 3412) Av(1324, 4231) Av(1342, 1423) Av(1342, 1432) Av(1342, 2143) Av(1342, 2314) Av(1342, 2341)

Av(1342, 2413) Av(1342, 2431) Av(1342, 3124) Av(1342, 3142) Av(1342, 3214) Av(1342, 3241) Av(1342, 3412) Av(1342, 4123) Av(1342, 4213)

Av(1432, 2143) Av(1432, 2341) Av(1432, 2413) Av(1432, 3214) Av(1432, 3412) Av(2143, 2413) Av(2143, 3412) Av(2413, 3142)
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Thank you!

https://permpal.com
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T1(x) = 1 + T2(x)

T2(x) = T4(x) + T6(x)

T4(x) = T1(x) ⋅ T5(x)

T5(x) = x

T6(x) = T5(x)2
⋅ T7(x)

T7(x) =
d

dx
(x ⋅ T1(x))

 T1(x) = 1 + (x + x2)T1(x) + x3
d

dx
T1(x)
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T1(x) = 1 + T2(x)

T2(x) = T3(x,1)

T3(x, y) = T4(x, y) + T5(x, y) + T6(x, y)

T4(x, y) = T7(x, y) + T8(x, y)

T5(x, y) = T9(x, y) + T10(x, y) + T11(x, y)

T6(x, y) = T3(x, xy)

T7(x, y) = xy

T8(x, y) = T4(x, y) ⋅ T7(x, y)

T9(x, y) = 0

T10(x, y) = T5(x, y) ⋅ T7(x, y)

T11(x, y) = T6(x, y) ⋅ T7(x, y)

T1(x) =

∞

∏
i=1

1

1 − xi
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T1(x) =
3 − x − 1 − 6x + x2

2


