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A Grassmannian permutation is a permutation having at most one descent. - . , -
Proposition. The set ¢, of Grassmannian permutations on |n| is in bijection

If ¢4, denotes the set of Grassmannian permutations on [n| ={1,...,n}, then F 132.9213.231.312 d N h
| | p n|={ } or o € {132,213,231,312} and n € N, we have with the set of Dyck paths of semilength n having at most one long ascent.
o T ¥, if and only if 7'° € ¥,,. n— 1 n
o |4,|=2"—nforn>1  (1,2,5,12,27,658,121,248,503,1014,...) Gn(0)] =1 + ( 9 > =1 (2) 1 6
A permutation, 7, is called biGrassmannian if both 7, 77! € ¢,. For m € ¢, the : ; 7 SN\
inverse 7~ has at most one dip, i.e. a pair (¢, j) with 4 < 7 such that m(z) = 7(j)+1. In ,(132) N %, (231), there are n permutations:
A biGrassmannian permutation has at most one descent and at most one dip. 23174586

7'(':1717 ﬂ:nl(n_l), and

Proposition. A Grassmannian permutation is biGrassmannian if and only if m=il---(i—1)(@+1)---n forie{2,...,n—1}

it avoids the pattern 2413. In other words, 4, N ¥, ! = 4,(2413) for every n. Moreover, AAAA AN AN ANA
Moreover, 1 T E€Z(132)\ 4,(231) = m=ili+1)---jlT bedd beds ba=9 L3924
+ . .
g ne =1+ ). 7€, (231)\%,(132) = m=1---(i—1)jir AN A SN I
3 1342 2134 3124 1123

with i, € {2,...n} and i < j.

We know ¢, C S,,(3142), so ¢, ' C S,(2413) and ¢, N ¥, ' C 4,(2413). /\/\ /\/\ /\/\ /\

Conversely, suppose m € ¥, has two dips, say (i1, j1) and (is, Jo) with 71 < 4o. . 3412 2314 2413 2341
Since m has at most one descent and avoids a 321 pattern, we must have Theorem. If k& > 3 and o € 5, with des(a) = 1, then
h <y < j1 < jo and 7(j1) < w(i1) < w(fa) < w(ia), n : Lemma. We have m € ¢,,1(35124) if and only if its Lehmer code is of the form
giving a 2413 pattern. Thus, ¢,(2413) C ¥, and so ¢,(2413) C 9, N9 . Z “\J — 1 s m { )L lw---m (.- -0,
J= J1 J2 J3 J4

where j1 +---+=n+1,75,>0 me{2,...,n}, and m < j,.
Proposition. For n € N, we have ¢, U¥. ' = S,(321, 2143). Moreover,

L PROOF BY EXAMPLE. Let o = 2413 and choose ¢’ = 213.
%, U %n—l‘ _ ontl _ (n ] ) — 9 — 1. 4,(2413) = %,(213) U (gn(24j_3) \%(213))7 Proposition. The set Schr,(UUDD) is in bijection with ¢,,.(35124).
and every m € 4,(2413) \ ¢,(213) must be of the form
o . . - o T=T0iTiT kT withl <i<j<k<n. A Schroder word, w, corresponds to a Schroder path of semilength n when the
Proposition. m € ¢, is an involution if and only if it is of the form number of letters in w satisfy #U+#D+2(#H) = 2n. For w € Schr,(UUDD),
m = idg, ®(idg, ©idy, ) ® idy, L / i w also satisfies w = wv = val(u) € {0,1} and (#U in w) < 2, and we define
~avoiding
for some ki, ky, k3 € N U {0} with &y + 2k, + k3 = n, where idy = €. N I o to create a Lehmer code of ,.1(35124) by
Moreover, 7, the number of Grassmannian involutions of size n is given by J Lot worsth T3
TP / ont! if w has no U,
, —= ifnis odd, b / | |
In =94 .2, o a(w) = < bin(w) if w has only one U,
if n is even.
! There are (%) such permutations, so |%,(2413)| =1+ (5) + (%) 01271 (45 4 1)40%**  if bin(w) = 0"1'20%140%.

For example,

Grassmannian involutions correspond to standard Young tableaux of shape G, (2130\%,(213) | 4, 2341\, (231 | %, (2413)\%,(132) | 4, (3412)\%, (312) AN SN AL
(n — ko, ko) whose second row consists of the labels ky + ko + 1, ..., k1 + 2ko. ¥ p o(HHHHH) = 000000 o(HUHHDH) = 011100 o(UHDHUDH) = 130000
/ 1 '[f / 1 /L 123456 134526 2051346
113{4,5/6 112(4/5/6 1121356 12346 112|345 / / 7/.
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